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a b s t r a c t

Within a New Keynesian model, we incorporate bounded rationality at the individual
agent level, and we determine restrictions on expectations operators sufficient to imply
aggregate IS and AS relations of the same functional form as those under rationality. This
result provides dual implications: the strong nature of the restrictions required to
achieve aggregation serve as a caution to researchers—imposing heterogeneous
expectations at an aggregate level may be ill-advised; on the other hand, accepting
the necessary restrictions provides for tractable analysis of expectations heterogeneity.
As an example, we consider a case where a fraction of agents are rational and the
remainder are adaptive, and find specifications that are determinate under rationality
may possess multiple equilibria in case of expectations heterogeneity.

& 2009 Elsevier B.V. All rights reserved.

1. Introduction

During the past decade the new Keynesian monetary model has become a benchmark laboratory for the analysis of
monetary policy. Despite a literature that has coordinated on this model, there is a surprisingly diverse set of policy advice:
some advocate simple, implementable policy rules (McCallum and Nelson, 1999; Schmitt-Grohe and Uribe, 2005); optimal
state-contingent monetary policy (Giannoni and Woodford, 2002; Woodford, 2003; Benigno and Woodford, 2005); or,
inflation targeting or inflation forecast targeting (Svensson, 1999; Svensson and Woodford, 2003; Svensson and Williams,
2005). One theme emerging from this literature is that policy should account for its effect on private-sector expectations of
future policy actions. Indeed, Woodford (2006) emphasizes the role policy inertia plays in influencing expectations. Even in
the presence of non-rational agents, it is still advised that policy be set while remaining cognizant of the feedback onto
beliefs, though often with the added condition that the associated rational expectations equilibrium (REE) is stable under
learning (Bullard and Mitra, 2002).

The emergence of this theme stems from models that assume a representative agent structure and homogeneous
private-sector expectations.1 This assumption is widespread despite increasing evidence that agents have heterogeneous
expectations. For example, Mankiw et al. (2003) document disagreement among both consumers and professional
economists in survey data on inflation expectations. Carroll (2003) shows that information slowly diffuses through the
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economy. Branch (2004, 2007) finds that survey data on inflation expectations are consistent with a dynamic discrete
choice between statistical predictor functions. The dynamic effect of expectations heterogeneity, though, has not yet been
studied in the context of micro-founded monetary models.

In this paper, we introduce heterogeneous expectations into a new Keynesian framework. Incorporating heterogeneity
into dynamic general equilibriummodels may complicate the aggregate dynamics and, in general, requires maintaining the
(high dimensional) wealth distribution as a state variable. This paper provides the assumptions sufficient to ensure the
laws of motion for the aggregate variables are analytically tractable and easily comparable to those obtained under
rationality. In particular, we provide restrictions on the admissible forms of heterogeneous expectations that facilitate
decoupling the aggregate dynamics from the dynamics of the wealth distribution.

This paper’s principal contribution is the development of aggregate IS and AS relations that are derived from a micro-
founded sticky price model and that are also consistent with heterogeneous, and possibly boundedly rational, expectations.
Our model’s formulation is couched in a yeoman farmer framework along the lines of Woodford (2003). However, instead of
assuming that the agents form their expectations rationally, we assume they form beliefs with expectations operators that
may not be fully optimal, and we allow for the possibility that expectations operators may differ across groups of agents. The
agents’ choices are then modeled as being made optimally given their forecasts of the economy’s current and future states.

The learning literature has examined a number of boundedly rational expectations operators—for instance, naive and
simple adaptive expectations as well as more sophisticated expectations based on least-squares or constant gain learning.
In these types of models, expectations of private agents are assumed to satisfy a number of intuitive properties, including
linearity and the law of iterated expectations (LIE). Instead of specifying particular expectations operators, we remain
agnostic as to the type of agents in our economy and adopt an axiomatic approach: we characterize a class of admissible
boundedly rational expectations operators by specifying axioms that they are required to satisfy. These axioms incorporate
the intuitive properties mentioned above as well as a few more stringent requirements required to obtain analytic
aggregation. These axioms simultaneously allow for a tractable model of heterogeneous beliefs as well as emphasize the
explicit and somewhat strong assumptions that underlie the aggregation result.

The resulting reduced form model is similar to the standard IS and AS relations except that conditional expectations are
replaced by a general expectations operator that is a convex combination of boundedly rational expectations operators.2

Also, capturing comparability, we find that if a proportion a of agents are rational and if a! 1 then the reduced form
model reduces to the usual new Keynesian IS and AS relations.

The explicit reduced formmodel in case of heterogeneity in expectations, together with its ability to capture the rational
model as a limiting case, allows for the analysis of the dynamic implications of expectations heterogeneity. As an example,
we consider the monetary policy implications of our model. It is well known in the new Keynesian monetary policy
literature that forward looking policy rules may result in indeterminacy and therefore induce welfare reducing sunspot
fluctuations. In Section 3 of our paper, we examine the potential for expectations heterogeneity to exacerbate or mitigate
this finding. Following Brock and Hommes (1997), we assume a proportion of agents are rational and the remaining form
their expectations adaptively. We find that the impact on indeterminacy of increasing the proportion of adaptive agents
depends critically on how the adaptive predictor weighs past data. If past data are discounted, then heterogeneity may be
stabilizing in the sense that policy rules that result in indeterminacy under full rationality may yield determinacy when
even a small proportion of agents are adaptive. On the other hand, if agents place greater weight on past data, then
heterogeneity may be destabilizing in an analogous sense: policy rules yielding determinacy under rational expectations
may produce indeterminacy if even a small proportion of agents are adaptive.

The heterogeneous expectations framework facilitates a generalization of the manner in which policy affects private-
sector expectations. Importantly, monetary policy influences expectations of current and future policy decisions. The
conduct of sound policy depends on the distribution of heterogeneity since heterogeneous expectations can alter the way
in which expectations propagate shocks. This reasoning ties in with policymakers’ frequently stated priority to prevent
inflation expectations from becoming unhinged (e.g. Bernanke, 2004). In the current framework, how aggressive monetary
policy needs to be in responding to inflation depends on the distribution of heterogeneity and how strongly boundedly
rational agents respond to past data.

This paper is organized as follows. Section 2 presents the axioms that generalizes the new Keynesian model to include
heterogeneous expectations. Section 3 discusses in detail the nature of the axioms required for our aggregation result.
Section 4 presents an example with an explicit specification of heterogeneity to facilitate analysis of the model’s
equilibrium properties. Section 5 concludes.

2. Heterogeneous bounded rationality

This section develops a version of the New Keynesian model extended to include two types of agents who are identical
except in the way they form expectations. We specify expectations axiomatically, in a manner that will still allow for
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their utility flows, which may imply different individual wealth levels.
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aggregation across heterogeneous agents. Our primary finding is an aggregation result: we derive log-linearized IS and AS
relations that depend on a convex combination of heterogeneous expectations operators; and our axiomatic approach
allows us to understand precisely the assumptions needed to obtain aggregation. To ease exposition, we assume a purely
forward-looking specification of the model, though it would be straightforward to extend our methodology to a version of
the model that incorporates habit persistence and partial price indexation (e.g. Christiano et al., 2005).

2.1. Heterogeneous expectations: axioms

Following Woodford (2003) there is a continuum of private agents indexed by i 2 ½0;1". These agents are yeoman
farmers with linear production functions Yi ¼ Ni, where agent i produces good i by supplying labor Ni. Agents are taken to
maximize the expected value of discounted utility flow, but instead of assuming that agents form expectations rationally,
we allow for more general expectations operators. We assume that a proportion a of agents forecast future variables using
the expectations operator E1 and the remaining agents use E2, and for simplicity, we assume an agent producing good
i 2 ½0;a" uses E1 and an agent producing good j 2 ða;1" uses E2. We now develop a framework in which equilibrium inflation
and output depend on a heterogeneous expectations operator Êt that is a linear combination of E1; E2 : Ê ¼ aE1 þ ð1& aÞE2.

Our view on expectation formation is influenced, in part, by the adaptive learning literature (e.g. Marcet and Sargent,
1989; Evans and Honkapohja, 2001). In this literature, fully rational expectations are replaced by linear forecasting rules
with parameters that are updated by recursive least squares. We also envision agents engaged in economic forecasting
while recognizing there may exist heterogeneity in forecasting rules. Some examples of heterogeneity consistent with our
framework include the following: some agents may be rational while others adaptive, as has been examined in a Cobweb
model by Brock and Hommes (1997) and found empirically relevant in the data in Branch (2004, 2007); agents may have
different information sets (e.g. Mankiw et al., 2003); or, they may use structurally different learning rules as in Honkapohja
and Mitra (2005). Our goal is to extend this notion of agents as forecasters to the agents’ primitive problem, and to
characterize a set of admissible beliefs that facilitates aggregation into heterogeneous IS and AS relations.

Denote by Ett a (subjective) expectations operator; that is, Ett ðxtþkÞ is the time t expectation of xtþk formed by an agent of
type t. We impose that

A1. Expectations operators fix observables.
A2. If x is a variable forecasted by agents and has steady state x̄ then E1x̄ ¼ E2x̄ ¼ x̄.
A3. If x, y, xþ y and ax are variables forecasted by agents then Ett ðxþ yÞ ¼ Ett ðxÞ þ Ett ðyÞ and Ett ðaxÞ ¼ aEtt ðxÞ.
A4. If for all kX0, xtþk and

P
kb

tþkxtþk are forecasted by agents then

Ett
X

kX0

btþkxtþk

 !
¼
X

kX0

btþkEtt ðxtþkÞ.

A5. Ett satisfies the law of iterated expectations: If x is a variable forecasted by agents at time t and time t þ k then
Ett ( E

t
tþkðxÞ ¼ Ett ðxÞ.

A6. If x is a variable forecasted by agents at time t and time t þ k then Ett E
t0
tþkðxtþkÞ ¼ Ett xtþk, t0at.

A7. All agents have common expectations on expected differences in limiting wealth.

These assumptions serve several purposes: they impose regularity on the expectations operator consistent with the
literature on bounded rationality; they facilitate aggregation; and they emphasize the restrictions needed to obtain
aggregation. Below, while deriving the aggregation result, we note where each axiom is employed and illustrate its
implications for aggregation. In addition, the following brief discussion of each assumption is useful. Assumption A1 is
consistent with reasonable specifications of agent behavior (the forecast of a known quantity should be the known
quantity). Assumption A2 requires some continuity in beliefs in the sense that, in a steady state, agents’ beliefs will
coincide. Assumptions A3 and A4 require expectations to possess some linearity properties. Essentially, linear expectations
require agents to incorporate some economic structure into their forecasting model rather than, say, mechanically applying
a lag operator to every random variable.

Assumptions A5 and A6 restrict agents’ expectations so that they satisfy the LIE at both an individual and aggregate
level. The LIE at the individual level is a reasonable and intuitive assumption: agents should not expect to systematically
alter their expectations. Assumption A6 is more subtle and is necessary so that aggregate expectations satisfy the LIE. The
assumption of LIE at the aggregate level is not without consequence, however: A6 requires that an agent of type t’s
expectation of the future expectations of agents of type t0 is t’s expectation of that future variable. This places a particular
structure on higher-order beliefs. We emphasize that this structure is necessary for the aggregate expectations operator to
satisfy LIE, and is thus necessary for an aggregation result. There is a wide literature that studies the implications of higher-
order beliefs: Townsend (1983) finds that incorporating the way in which agents forecast the forecasts of other agents may
have interesting dynamic implications; for the incorporation of higher-order beliefs into monetary models, see Woodford
(2002), Amato and Shin (2006), and Kurz (2008). Higher-order beliefs may be important in some settings and its
consequence for economic dynamics is a topic warrant further study. Below, in Section 3, we illustrate the implications of
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relaxing A6 (and A7) and it becomes clear how restrictive these assumptions are in a new Keynesian environment. One
important conclusion that can be drawn from this paper is that heterogeneous expectations will alter the dynamic
properties of the economy in many important dimensions. These dimension will become evident below.

Assumption A7 (made more precise below) is perhaps the most restrictive assumption. In the formulation of
expectations there will be wealth dynamics that differ by expectations type. These wealth dynamics, at first glance, appear
to cause a problem for aggregation: if wealth dynamics matter for aggregate variables then it will be necessary to keep
track of the wealth distribution and incorporate its evolution into the reduced form model. The axiom that agents agree on
limiting wealth distributions avoids this added difficulty thereby allowing us to remain close in form to the homogeneous
case. Again, we explore the implications of this assumption in Section 3.

2.2. Households

Agents have instantaneous utility functions given by uðCi
t ;M

i
t=PtÞ & vðNi

tÞ, where U is separable and Ci; P are the CES
aggregators

Ci ¼
Z

CiðjÞðy&1Þ=y dj

! "y=ðy&1Þ

and P ¼
Z

PðjÞ1&y dj
! "1=ð1&yÞ

. (1)

Agents choose sequences for consumption, money holdings, labor, and goods prices to maximize expected discounted
utility subject to a flow constraint. However, as is standard in the bounded rationality and learning literature, agents do not
necessarily observe current values of endogenous variables when making forecasts: it may be that Ett xtaxt .

3 Quite
naturally, we do assume that current values of an individual agent’s own choice variables are known.

Under rationality, the agent’s contingency plans for the consumption bundle, prices, labor, bonds, and money holdings
are chosen to satisfy first order conditions, and these conditions depend in part on conditional expectations formed with
respect to the true distributions of the relevant variables. Under bounded rationality, the optimal solution is more subtle.
For general subjective expectations Eit it is not obvious that the analogous first order conditions are necessary or sufficient
for the contingency plans to be optimal: the theory of dynamic programming and the principle of optimality were
developed in stochastic environments assuming Eit are conditional expectations, and in the present setting, it is not clear
that the relevant theorems apply.4 Instead, we follow the learning literature by taking as primitive that agents with
subjective (non-rational) expectations choose plans that satisfy the associated Euler equations, and to justify this
assumption we appeal to the variational intuition for the usual Euler equations in case of rationality: we assume that
agents make choices by equating expected marginal benefit with expected marginal cost.

Agents choose consumption bundles to satisfy an intertemporal Euler equation of the form

ucðCi
tÞ ¼ bð1þ itÞEit

Pt

Ptþ1

! "
ucðCi

tþ1Þ. (2)

Here uc is the marginal utility of consumption and it is the nominal interest rate at time t. Intuitively, the consumption
bundle choice must be optimal with respect to the agent’s time t perceived trade-off. Preston (2006) presents an
alternative approach in which the agents’ optimal plans also respect their perceived lifetime intertemporal budget
constraint.5 Explicitly incorporating long-horizon expectations into the model is the next step and is a topic of current
research.

We follow Woodford (2003) in assuming the cashless limit case: the utility function is such that each household holds
an arbitrarily small amount of real-money so that the central bank can effectively choose a target level for the interest rate
and, although the real-money-demand function dictates the size of open market operations consistent with that target, the
actual effect of these operations on the net supply of bonds is negligible. In the current environment, the money-demand
equation is given by

umðCi
t ;M

i
t=PtÞ

ucðCi
t ;M

i
t=PtÞ

¼
it

1þ it
. (4)

Notice as well that the expression for money demand (4) does not depend explicitly on agents’ expectations.6
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3 This assumption is not necessary for our aggregation result; we make it to remain close to the literature on bounded rationality, and to be consistent
with our specification of adaptive expectations in Section 3.

4 We have not assumed that Eit may be thought of as a mathematical expectation with subjective prior.
5 As is standard, we do require that the agent’s subjective transversality condition, given by

lim
k!1

Eitb
tþkucðCi

tþkÞ
Bi
tþk

Ptþk
p0, (3)

is satisfied ex post, where B is nominal bond holdings. See Evans et al. (2003) for a discussion.
6 In incomplete market settings it may depend on the distribution of agents’ wealth holdings (e.g. Krusell and Smith, 1998; Aiyagari, 1994, 1995). Our

modeling of risk-sharing below makes wealth holdings a fraction of the real-income of their type cohort.
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We adopt the Calvo pricing structure, where with a positive probability each farmer’s price may remain fixed. Acting as
price setters, individual agents face the risk associated with this Calvo lottery.7 The standard treatment allows agents to
hedge against this risk by trading in a complete market for contingent claims; in this way, agents are able to guarantee
themselves the average real income each period, and because of this, agents forecast aggregate real income. Our model
posits two types of agents. While each type will face an equal probability of being allowed to change prices, in our model,
agents may have different expected real income due to heterogeneous expectations. To allow our agents to hedge against
the Calvo risk, we assume the presence of a benevolent financial regulator who takes insurance premiums optimally from
each type of consumer and then returns the proceeds in order to provide agents the means to hedge the risk associated to
the Calvo lottery. The planner collects all income and then redistributes to each type of agent the average income
of that agent’s type. The planner does this so that each agent type, as indexed by their expectation formation mechanism, is
fully insured against the risk associated to the possibility that they will not be tapped to adjust prices; in this way
agents are able to guarantee themselves within type average real income. This approach is similar to Kocherlakota (1996)
except we assume there are no commitment issues, on either side, and this essentially creates two types of representative
agents. This risk-sharing mechanism is also employed by Shi (1999) and Mankiw and Reis (2007) and is entirely standard in
models with heterogeneous agents. As an alternative, we could assume that each household consists of a continuum of
Yeoman farmers each facing the same Calvo risk, and they share the proceeds across the household. The particulars
of the risk sharing mechanism are not consequential to the aggregation result below provided that a risk sharing
mechanism exists.

As an alternative there is a long history of studying heterogeneity in dynamic models with incomplete financial markets.
In many cases, the existence of heterogeneous consumers and incomplete markets imply that equilibrium prices and
allocations differ from the representative agent model, but the quantitative differences seem small (Krusell and Smith,
1998). In our setting, heterogeneity arises because agents use different expectations operators when solving for their
optimal plans, thus their optimal allocations could be different. Our intent is to provide an axiomatic foundation for the
model with heterogeneous expectations to remain close, in reduced form, to the standard model.

Under our financial structure, agents of type t may guarantee themselves a real income Ot as given by

O1 ¼
1
aP

Z a

0
PðiÞYðiÞdi and O2 ¼

1
ð1& aÞP

Z 1

a
PðiÞYðiÞdi. (5)

Notice that

PðaO1 þ ð1& aÞO2Þ ¼
Z

PðiÞYðiÞdi ¼ PY ,

from which it follows that Y ¼ aO1 þ ð1& aÞO2.
In equilibrium, agents choices must satisfy their nominal budget constraint:

Ci
tPt þMi

t þ Bi
t þ Iipt ¼ Pi

tY
i
t þ ð1þ it&1ÞB

i
t&1 þMi

t&1 þ Iirt , (6)

where Pi is the price set by agent i, Yi is the quantity of goods produced by agent i,Mi is the money held by agent i, Bi are the
bonds held by agent i, and Iip and Iir are nominal payments to and receipts from an insurance agency respectively, which the
agent takes as given.8

If agent i is of type t then, Iirt ¼ PtOt
t and Iipt ¼ Pi

tY
i
t . Therefore, in equilibrium, the real budget constraint requires

Ci
t þ bit ¼

1þ it&1

1þ pt

! "
bit&1 þOt

t , (7)

where bi is the quantity of real bonds held by agent i, and 1þ pt ¼ Pt=Pt&1, and we impose the cashless limit. A first order
expansion of (7) around its steady state, incorporating A2, yields

Ci
t & C̄

i þ bit ¼
1þ ī
1þ p̄

 !

bit&1 þOt
t & Ōt

,

where we have exploited b̄
i
¼ 0. Using bð1þ īÞ ¼ 1 and C̄

i ¼ Ōt
¼ Ȳ , we obtain the log-linear approximation

cit ¼ Ôt
t ) ot

t þ b&1 b
i
t&1

Ȳ
&

bit
Ȳ
, (8)

where c and o are in log deviations from steady-state form, ci ¼ logðCi=ȲÞ, ot ¼ logðOt=Ōt
Þ.

To obtain a new Keynesian IS relation, we log-linearize (2):

cit ¼ Eitc
i
tþ1 & s&1ðit & Eitptþ1Þ. (9)

ARTICLE IN PRESS

7 For the purposes of this paper, we abstract from modeling aggregate risk.
8 Because we assume the case of the cashless limit, we follow Walsh (2003) in abstracting from the precise mechanism through which the central

bank controls interest rates and injects liquidity into the system.
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Inserting (8) into (9) yields the equation

Ôt
t ¼ Ett Ô

t
tþ1 & s&1ðit & Ettptþ1Þ. (10)

Note that along any equilibrium path, Eq. (10) must be satisfied for both agent types. This expression incorporates the
(log-linearized) Euler equation and budget constraint in a convenient form so that we do not need to explicitly account for
bond holdings at the agent level in order to construct an aggregate IS relation. The IS curve comes from aggregating this
equation across all households. Iterate this equation forward, while employing assumptions A1, A3, A4, and A5, to obtain

Ôt
t ¼ Ôt

1 & s&1Ett
X

kX0

ðitþk & ptþkþ1Þ, (11)

where Ôt
1 ¼ limk!1Ett Ô

t
tþk. Noting that bond market clearing requires ab1t ¼ &ð1& aÞb2t , we get that

aÔ1
t þ ð1& aÞÔ2

t ¼ yt .

Then

yt ¼ aÔ1
t þ ð1& aÞÔ2

t

¼ aÔ1
1 þ ð1& aÞÔ2

1 & s&1Êt
X

kX0

ðitþk & ptþkþ1Þ

¼ Êtytþ1 & s&1ðit & Êtptþ1Þ þ aÔ1
1 þ ð1& aÞÔ2

1 & ÊtðaÔ1
1 þ ð1& aÞÔ2

1Þ,

where Ê ¼ aE1 þ ð1& aÞE2. Here we note that the final equality makes use of the LIE at the aggregate level: see assumption
A6.

To obtain an IS form most similar to the homogeneous expectations case, we now employ A7, the assumption that all
agents predict limiting wealth in an identical manner:

aÔ1
1 þ ð1& aÞÔ2

1 & ÊtðaÔ1
1 þ ð1& aÞÔ2

1Þ ¼ 0.

Assumption A7 can be written equivalently as Ôj
1 ¼ Ej

0

Ôj
1; j0aj, that is, agents agree on expected limiting wealth. While

this is plausible, and is satisfied when agents have rational expectations regarding limiting wealth or when agents expect to
hold steady-state wealth in the long run,9 one might envision agents holding beliefs that violate it. In that case, the
distribution of wealth dynamics will affect aggregate dynamics. This observation provides a nice example of the benefit of
our axiomatic approach: Assumption A7 is necessary for our model to aggregate appropriately (see Proposition 1); if A7
does not hold, in practice, then the incorporation of heterogeneous expectations into a new Keynesian model requires
considerably more than replacing the rational expectations operator with a convex sum of, say, adaptive expectations
operators.

The above analysis provides the following proposition:

Proposition 1. If agents’ expectations E1 and E2 satisfy assumptions A1–A7 then, up to a log-linear approximation, equilibrium
output and inflation satisfy the IS relation

yt ¼ Êtytþ1 & s&1ðit & Êtptþ1Þ (12)

where Ê ¼ aE1 þ ð1& aÞE2.

From this we conclude that with heterogeneous expectations the IS equation is the usual IS curve where conditional
expectations are replaced with a convex combination of the heterogeneous expectations operators.

2.3. Optimal pricing

To determine the equilibrium behavior of inflation we turn to the agents’ pricing problem. We first compute demand for
a particular good: the CES aggregate consumption index implies that demand by an agent of type t for good i, is given by
ðPi=PÞ&yðOt þ ð1þ i&1ÞBt&1=P & Bt=PÞ. Aggregating across type and imposing bond market clearing yields

Yi ¼ aðPi=PÞ
&yO1 þ ð1& aÞðPi=PÞ

&yO2 ¼ ðPi=PÞ
&yY

as usual.
Note that because of the presence of the insurance company, an agent’s income is, in effect, independent of his effort;

because of this, an agent’s optimal output Yi is zero. To avoid this free-rider problem, we assume that private agents are
contracted to choose price and output as if they faced their perceived trade-off, and we further assume that these contracts
are fully enforceable. In some sense, this requires the agent to behave as if they will receive their full marginal revenue from
producing more.10 With this assumption, we may proceed as follows: Let agent i be of type t. Let Ci

tþk ¼ Ci
tþkðP

i
tÞ be the

ARTICLE IN PRESS

9 Alternatively, if agents expectations evolve over time, then, on average, agents might expect to all receive the same limiting wealth.
10 One could equivalently imagine a household where one member consumes given the insurance payment and the other works and makes optimal

pricing decisions.
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consumption bundle in the event that agent i cannot change prices for k periods. Then Pi
t is chosen by contract to solve

maxEtt
X

kX0

ðbgÞk½uðCi
tþkðP

i
tÞ; *Þ & vððPi

t=PtþkÞ
&yYtþkÞ". (13)

Our implementation of bounded rationality requires that agents choose prices to satisfy the first order conditions of this
pricing problem, with subjective expectations replacing rational ones. This FOC may be log-linearized as usual, but now
there is the presence of both Y and Ci. Passing expectations across choice variables (so that Ôt

t and not Ett Ô
t
t enters the

equation) and imposing equilibrium yields

Ett
X

kX0

ðgbÞkðlogðPi
tÞ & logðPtþkÞ & z1Ô

t
tþk & z2ytþkÞ ¼ 0.

Subtract logPt from each side and solve for log Pi
t & log Pt. We obtain11

log Pi
t & Ett logPt ¼ Ett

X

kX0

ðgbÞkðgbptþkþ1 þ ð1& gbÞðz1Ôt
tþk þ z2ytþkÞÞ.

Stepping this equation forward, applying A3–A5, and rearranging yields

log Pi
t & logPt ¼ gbEttptþ1 þ ð1& gbÞðz1Ôt

t þ z2ytÞ þ gbEtt log P
i
tþ1=Ptþ1. (14)

This equation captures the log-linearization of optimal pricing behavior. While we assume agents’ expectations
are formed before they observe current aggregate output and price, we allow them to form pricing schedules contingent
on current price and output. While this mechanism is not needed for the aggregation result, it does provide an
AS relation of precisely the same functional form as that obtained under the assumption of rationality, and is consistent
with the learning literature: see Evans and Honkapohja (2001) for a detailed discussion of this mechanism and the
related issues.

We turn now to the evolution of aggregate prices. The pricing decision is homogeneous within type, so we now
say Ptt is the optimal price chosen by an agent of type t in time t, and Ptt ðjÞ denotes the price set by firm j (of type t) in time
t. Then

ðPtÞ1&y ¼
Z a

0
P1
t ðjÞ

1&y djþ
Z 1

a
P2
t ðjÞ

1&y dj.

The proportion 1& g of each type changes their optimal price in period t. Thus
Z a

0
P1
t ðjÞ

1&y dj ¼ ð1& gÞaðP1
t Þ

1&y þ g
Z a

0
P1
t&1ðjÞ

1&y dj,

and similarly for
R 1
a P2

t ðjÞ
1&y dj. We obtain

ðPtÞ1&y ¼ ð1& gÞaðP1
t Þ

1&y þ ð1& gÞð1& aÞðP2
t Þ

1&y þ gðPt&1Þ1&y.

Log linearization yields

pt ¼ ð1& gÞap1t þ ð1& gÞð1& aÞp2t þ gpt&1,

so that, subtracting ð1& gÞpt from both sides, we have

a logP1
t =Pt þ ð1& aÞ log P2

t =Pt ¼
g

1& gpt .

Finally, multiply Eq. (14) by a for t ¼ 1 and by 1& a for t ¼ 2 and add to get the following result:

Proposition 2. If agents’ expectations E1 and E2 satisfy assumptions A1–A7 then, up to a log-linear approximation, equilibrium
output and inflation satisfy the AS relation

pt ¼ bÊtptþ1 þ lyt . (15)

3. Further implications of heterogeneous expectations

There are many simplifications in the standard New Keynesian model that facilitate representing the equilibrium in
terms of reduced-form IS–AS equations. In this paper, we relax one assumption: that expectations are rational. We then ask
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11 This step requires the following observation: Let st ¼
Pt

k¼1pk ¼ log Pt & log P0, and set s0 ¼ 0. Then

ð1& dÞ
X

tX0

dtðlog Pt & log P0Þ ¼
X

tX0

dt st &
X

tX0

dtþ1st ¼
X

tX0

dtptþ1.
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the following question: In the presence of heterogeneous expectations, what are conditions sufficient to imply that the
equilibrium may be represented by analogous IS and AS relations? The benefit of our axiomatic approach is that it makes
these conditions clear. The following discussion provides further illustration of the implications of these (potentially)
restrictive assumptions.

The aggregation results, captured in Propositions 1 and 2, rely heavily on the LIE, both at the individual level
(assumption A5) and at the aggregate level (assumption A6). The LIE at the individual level is a consequence of consistent
behavior on the part of agents: private agents should not be able to forecast changes in future forecasts. Incorporation of LIE
at the agent level is straightforward: expectations may be constructed recursively by forward iteration on the relevant
forecasting models. This is the standard assumption in the literature on learning in which expectations of future variables
are based on forward iteration of the agents’ perceived laws of motion: see for example, Bullard and Mitra (2002) and Evans
and Honkapohja (2003a). Also, it is precisely this construction that we adopt in the next section when imposing adaptive
expectations on a proportion of agents.

While we contend that the LIE is a defining property of expectation formation at the individual level, imposing it at the
aggregate level is far more restrictive: assumption A6 specifies a particular way in which agents form higher-order beliefs
that would not arise under homogeneity. To obtain a tractable aggregation result, one must impose A6; however, if the
global interactions under alternate forms of higher-order beliefs are important, then the aggregate dynamics for inflation
and output are altered. Similarly, if agents hold differing beliefs about limiting wealth, then aggregate outcomes will
depend on the diversity of their beliefs regarding wealth, and the wealth distribution gains added importance for aggregate
outcomes.

To illustrate the restrictiveness of Axioms A6 and A7 we consider the implications for the aggregate IS and AS equations
in a counterexample where beliefs are so that A6 and A7 are violated. Consider, for example, the derivation of the IS relation
without imposing A6 or A7. Following the analysis as in Section 2.2, aggregating across the type-specific Euler equations,
and applying A5 yields the following equilibrium condition:

yt ¼ Êtytþ1 & s&1ðit & Êtptþ1Þ þ aÔ1
1 þ ð1& aÞÔ2

1 & ÊtðaÔ1
1 þ ð1& aÞÔ2

1Þ (16)

& s&1að1& aÞðE1t ( E
2
tþ1 & E1t þ E2t ( E

1
tþ1 & E2t Þ

X1

k¼1

ðitþk & ptþkþ1Þ

 !
(17)

The first line in the RHS expression is the heterogeneous expectations IS relation under assumptions A6 and A7, as
presented in Proposition 1. The second line obtains when beliefs are so that A7 is not satisfied. This term, therefore, gives
the potential effect on output of deviations in expected limiting wealth. The final line will be non-zero whenever A6 does
not hold. This expression, which depends on forecasting the forecasts of the other types, illustrates the impact on aggregate
output of higher-order beliefs structures that do not satisfy A6.

This IS equation illustrates that the restrictive assumptions A6 and A7 may have important implications for the
determination of output and inflation. Conversely, expressions (16) and (17) show that these assumptions are necessary to
obtain the simple heterogeneous expectations IS relation presented in Proposition 1.12 This analysis also highlights and
provides a metric for the dangers of ignoring micro-foundations when contemplating heterogeneous expectations: in case
assumptions A6 and/or A7 are thought to be too restrictive, Eqs. (16) and (17) may be viewed as capturing the errors
modelers make by imposing a convex combination of expectations operators into the New Keynesian model’s reduced form
equations.13

If, as a counterexample, one agent type fails to satisfy A6 then we can see how a diversity of beliefs will manifest in
aggregate outcomes. Suppose that type 2 agents satisfy A1–A7, and type 1 agents satisfy A1–A5 and A7, but not A6. Then
the term (17) above becomes

&s&1að1& aÞ E1t E
2
tþ1

X

kX1

ðitþk & ptþkþ1Þ & E1t
X

kX1

ðitþk & ptþkþ1Þ

" #
.

When A6 fails to hold for one type of agent, then the diversity of beliefs about future aggregate variables will have an even
greater impact. Essentially, when the LIE does not hold at the aggregate level, in this case because of agents of type 1, then
the heterogeneity of expectations has an extra propagation through these higher-order beliefs. This will make the
aggregate output and inflation outcomes differ even further from the representative agent model. It is worth remarking
that this insight is similar to Kurz (2008), who argues that aggregate forecasts of future aggregate forecasts (e.g. Axiom A6)
may have important implications for macroeconomic outcomes. Macroeconomic models where beliefs do not satisfy
Axiom A6 are the topic of current research.
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12 The analogous statement, but without reference to assumption A7, holds for the AS relation obtained in Proposition 2.
13 If assumptions A6 and/or A7 are violated, the modeler is forced to take a stand on the form of these error terms. For example, if A6 does not hold,

then to correctly impose heterogeneous expectations into the IS relation, the modeler must make explicit the computation of

Ett ( E
t0
tþ1ðitþk & ptþkþ1Þ

for all t, for tat0, and for all kX1. These and related issues are the subject of current research.
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By imposing restrictions on higher-order beliefs and expectations of limiting wealth, we are able to derive IS and AS
relations that have the same functional form as the IS and AS relations under the assumption of homogeneous rationality.
This derivation provides two complementary insights: first, if assumptions A1–A7 are viewed as reasonable, then the
implications of expectations heterogeneity may be examined by simply replacing the usual expectations operator with a
convex combination of operators; second, and conversely, if assumptions A1–A7 are viewed as unreasonable, then our
results suggest that analyzing expectations heterogeneity may be quite complicated and require incorporating wealth into
the state variable, and, in particular, studies based on simply replacing the usual expectations operator with a convex
combination of, say, adaptive expectations operators, may be misleading.

4. An application to monetary policy

In this section we investigate the aggregate model’s determinacy properties. We anticipate that there are other
applications of our framework but focus on a particular example that demonstrates the potential for heterogeneity to alter
the dynamic properties of the economy.

A linear rational expectations model is said to be determinate if there is a unique non-explosive equilibrium,
indeterminate if there are many non-explosive equilibria, and explosive otherwise, and we simply extend these definitions
to the model with heterogeneous expectations.14 That New Keynesian models, when closed with Taylor-type instrument
rules, may exhibit indeterminacy has been noted by a number of authors: see, for example, Bernanke andWoodford (1997),
Woodford (1999) and Svensson and Woodford (2003). Indeterminacy may be undesirable because of the presence of
multiple equilibria, many of which may be welfare reducing. Clarida et al. (2000) have suggested that the volatile nature of
the US time-series in the 1970s can, in part, be explained by the presence of sunspot equilibria. Further empirical evidence
is provided by Lubik and Schorfheide (2004).

In a univariate reduced formmodel having the same structure as the heterogeneous NK model—see (23) below—Branch
and McGough (2005) found that the presence of adaptive agents impacts the determinacy properties of the model. For
some parameterizations, the presence of adaptive agents may be stabilizing in the sense that a model that is indeterminate
under the assumption of uniform rationality may be determinate when some agents form their expectations adaptively.
The converse also holds: for some parameterizations even if only a very small proportion of agents are adaptive, an
otherwise determinate model may be indeterminate.

The importance from a policy perspective of understanding a monetary model’s determinacy properties, together with
the possibility demonstrated by Branch and McGough (2005) that the presence of adaptive agents can impact determinacy,
motivates our analysis of the determinacy properties of the New Keynesian model with heterogeneous expectations. The
presence of heterogeneous agents raises an obvious question: how are the determinacy properties of a such a model
computed? This question was answered in Branch and McGough (2005): specifically, given a monetary policy fitg, and a
pair of expectations operators ðE1; E2Þ, solutions to (12), (15) are what Branch and McGough (2005) define as heterogeneous
expectations equilibria. In this earlier paper, we showed that any model with heterogeneous expectations of a particular
form can be re-written in terms of an associated rational expectations model, bringing to bear the standard rational
expectations toolkit to analyze the number and nature of heterogeneous expectations equilibria. In this way, the analysis of
determinacy in our model reduces to the well-understood determinacy analysis of the associated rational expectations
model.

Before analyzing determinacy, we close the heterogeneous expectations New Keynesian model by specifying a monetary
policy rule and a precise form for private agents’ expectations.

4.1. Monetary policy

The central bank is assumed to use a forward-looking Taylor rule to set interest rates:

PR1 : it ¼ wyEtytþ1 þ wpEtptþ1, (18)

where expectations here are taken to be rational. This expectations based policy rule has been studied by Bullard and Mitra
(2002), Evans and Honkapohja (2003a, b), Evans and McGough (2005), and Preston (2005). It has the advantage of
conditioning on observables, and thus addresses the concern of McCallum that contemporaneous policy rules are not
realistic in practice; and it imposes that policy-makers set their instrument conditional on their best forecasts of future
inflation and output gap (e.g. Svensson and Woodford, 2003): in this way, policy makers can account for the lag between a
policy’s implementation and its impact.

We adopt (18) as our benchmark policy rule; however, we also consider the following specification of the policy rule:

PR2 : it ¼ wyÊtytþ1 þ wpÊtptþ1. (19)

Here, policy makers react to private agents’ expectations rather than to optimal forecasts; this is consistent with the view
that policy-makers set policy to anchor agents’ expectations. In particular, Bernanke (2004) advocates policy that reacts
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14 Non-explosive equilibria are the focus of rational expectations model because explosive time series typically violate transversality.
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aggressively to private-sector expectations, particularly when they are non-rational. Evans and Honkapohja (2003a) show
that such a rule may have good properties in the presence of boundedly rational agents. We also checked for robustness
when monetary policy adopts rules that depend on lagged and contemporaneous data. The qualitative results presented
below are robust to the particular form of the policy rule.

4.2. Rational versus adaptive expectations

In order to present results concerning our model’s determinacy properties, we nowmake specific assumptions on Êt . For
simplicity, we focus on rational versus simple adaptive expectations. More specifically, we make the following assumption
on beliefs: agents of type 1 are ‘‘rational’’ in that they have one step ahead perfect foresight on output and inflation, and
agents of type 2 are adaptive on output and inflation: thus for x ¼ y or p,

E2t ðxtÞ ¼ yxt&1,

and, as is standard in the learning literature, E2t xtþk is constructed iteratively. Having defined adaptive expectations
on xtþk, we use assumptions A1–A7 to determine forecasts of other variables. Note that from our construction,
adaptive expectations satisfies the LIE. However, somewhat more subtly, rational agents are not fully ‘‘rational’’ in the
following sense: full rationality would imply that E1t E

2
tþ1xtþ1 ¼ yxt; however, assumption A6 requires that

E1t E
2
tþ1xtþ1 ¼ Etxtþ1. Essentially, we think of the rational agents as really good forecasters, but not fully rational in the

conventional sense. More carefully, our rational agents are assumed to know the conditional distributions of output and
inflation, but not the expectations of non-rational agents. We further assume that rational agents are not sophisticated
enough to back out the expectations of non-rational agents. If the rational agents were fully rational then axiom A6 would
not hold and, as demonstrated in Section 3, the aggregate outcomes would be distinct from what is presented below.

Using A6 we obtain

Êtðxtþ1Þ ¼ aEtxtþ1 þ ð1& aÞy2xt&1.

Here a is the proportion of agents having rational expectations. The operator E2t is a form of adaptive ðyo1Þ or extrapolative
ðy41Þ expectations (for simplicity, below we refer to E2 as an ‘‘adaptive’’ expectations operator, even in the event y41).15

Such expectations can be thought of as arising from a simple linear perceived law of motion xt ¼ yxt&1.
16 Under certain

conditions, including the assumption of homogeneous expectations, it is possible for real-time estimates of y to converge to
their REE value. In this paper, we take the value of y as given and leave to future research the study of stability under
learning of heterogeneous expectations equilibria.17

Adaptive expectations of this form have been considered by Brock and Hommes (1997, 1998), Branch (2002), Branch and
McGough (2005), and Pesaran (1987). When y ¼ 1 then the operator is usually called ‘‘naive’’ expectations, yo1 are
adaptive in the sense that they dampen recent observations, y41 are often called ‘‘extrapolative’’ or trend chasing
expectations. The y41 is given particular emphasis by Brock and Hommes (1998).

Despite the simple form of our heterogeneous expectations operator, there is evidence in survey data on inflation
expectations that agents are distributed across rational expectations and adaptive expectations of this form (see Branch,
2004). The contribution of this paper, however, is to show how to incorporate heterogeneous expectations into a monetary
model and show that their presence can have significant implications for monetary policy. Future research should
undertake serious empirical studies of heterogeneous beliefs in monetary DSGE models along the lines of Smets and
Wouters (2003), Lubik and Schorfheide (2004), or Milani (2007).

4.3. Determining determinacy

Our fully specified aggregate model is given by

yt ¼ Êtytþ1 & s&1ðit & Êtptþ1Þ, (20)

pt ¼ bÊtptþ1 þ lyt , (21)

it ¼ wyEtytþ1 þ wpEtptþ1; (22)

Êtðytþ1Þ ¼ aEtytþ1 þ ð1& aÞy2yt&1;

Êtðptþ1Þ ¼ aEtptþ1 þ ð1& aÞy2pt&1,
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15 In case y41, to avoid adaptive agents expecting to have infinite future wealth, we assume that they expect their extrapolative forecasting model to
be valid only in the short run, and thus they have a time-varying adaptive model. Alternatively, we could impose that the adaptation parameter used to
forecast wealth be less than the inverse of the discount factor.

16 Other assumptions on the form of the perceived law of motion for adaptive agents may yield distinct results. For example, Lansing (2006) examines
a new Keynesian Phillips curve model where agents perceive the truth to follow a random walk with drift. It is possible that in a similar set-up for the
framework developed in this paper that, within a self-confirming equilibrium, the optimal weight in an adaptive predictor may be above one, and provide
an equilibrium foundation to the analysis below.

17 Some progress on this issue has been made by Guse (2005) in a simple univariate framework.
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together with the alternative policy rule PR2.
18 Simplification yields the following reduced form model:

Fxt ¼ BEtxtþ1 þ Cxt&1, (23)

for appropriate matrices F, B, and C, where detðBÞa0 and x ¼ ðy;pÞ0. Eq. (23) is the rational expectations model (the ARE)
associated with the heterogeneous expectations model. Since the ARE has the same form as a rational expectations model
with predetermined variables there is an established toolkit for determining determinacy, thereby making our approach
easily accessible to practitioners.19 Techniques for analyzing the determinacy properties of a linear model are well-known:
see for example Blanchard and Khan (1980).20

Let

M ¼
B&1F &B&1C

I2 0

 !
. (24)

The determinacy properties of the model depend on the magnitude of the eigenvalues of M, which we write as li, where
i4j ) jlijpjljj.21 Note that in general there are two predetermined variables, so that determinacy obtains when precisely
two of the eigenvalues of M are outside the unit circle: fewer eigenvalues outside the unit circle implies indeterminacy and
more implies explosiveness. As we will see in the sequel, the notion of indeterminacy can be refined in a useful way:
adopting the terminology of Evans and McGough (2005), we say that if jl1jo1 then the model is order 2 indeterminate (or,
equivalently, exhibits order 2 indeterminacy) and if jl1j414jl2j we say the model is order 1 indeterminate.22 This
terminology is a particularly intuitive language for describing the degree to which heterogeneity alters the indeterminacy
properties. For example, under order 1 indeterminacy, agents coordinate on a single sunspot variable while under order 2
indeterminacy they coordinate on two. Moving from a determinate model to an order 2 indeterminate model would imply
that heterogeneity alters the dynamic properties in a fundamentally different way than moving from a determinate model
to an order 1 indeterminate model.

4.4. Numerical analysis of determinacy

Numerical results require assigning values to the reduced form model’s parameters, i.e. to l, g, s, and b, as well as the
proportions of rational agents a and the values of the adaptation parameter y. These parameters could be estimated,
however, such an estimation is beyond the scope of this simple application. Instead, we ‘‘derive’’ values for our parameters
using estimates available in the literature; and we test for robustness of our results to varying parameter values whenever
possible.

The reduced form parameters of the usual New Keynesian model (i.e., the model under rational expectations) are given
by l and s&1. These parameters have been estimated by a number of authors including Woodford (1999), Clarida et al.
(2000) and McCallum and Nelson (1999):23 see Table 1. The discount factor b is taken to be 0.99.

Given reduced form parameter values, the model is closed by specifying a policy rule (i.e. setting values for wy and wp),
and choosing values for y ¼ ðyy; ypÞ0 and n ¼ ðnx;npÞ0. To perform our analysis, we fix y and then for a 2 f1;0:99;0:9;0:7g we
analyze the determinacy properties of models characterized by the following policy rules: 0owpo2, 0owyo2. We refer to
this region as the benchmark policy space. Finally, in the sequel, we will say that certain numerical results ‘‘obtain
robustly.’’ By this, we will mean that they obtain across calibrations.

4.4.1. Adaptive expectations: yp1
We first consider the case where adaptive agents place less weight on past data: that is, when yo1. Fig. 1 presents

results for the Woodford calibration under the benchmark assumptions, with y ¼ 0:9. The NW panel indicates the outcome
under rationality, and is consistent with the results in Evans and McGough (2005). Much of the parameter space
corresponds to indeterminacy of both order 1 and order 2, with determinacy prevailing only for large wp and low wy. Now
notice that as a decreases, the region corresponding to determinacy increases in size (as a proportion of the benchmark
policy space). Thus we obtain the following result.

Result 3. If yp1 then policy rules corresponding to indeterminacy when a ¼ 1 may yield determinacy when there is even a
small proportion of adaptive agents in the economy. In this sense, the presence of adaptive agents may be stabilizing.
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18 Although our model is constructed so that the IS and AS relations are purely ‘‘forward looking,’’ all qualitative results on indeterminacy are robust
to a model that includes inertia in the IS and AS equations.

19 As mentioned above, in rational expectations models, non-explosiveness is typically required in order to avoid violation of asymptotic first order
conditions. Because a portion of our agents are rational and therefore have analogous asymptotic first order conditions, we also focus on non-explosive
equilibria.

20 Because we have imposed perfect foresight for our rational agents, indeterminacy in this model will correspond to the presence of multiple
bounded perfect foresight paths.

21 Additive noise in the IS or AS relation does not impact the determinacy properties.
22 Evans and McGough (2005) study stability under learning in a new Keynesian model with homogenous beliefs.
23 Calibrations are for quarterly data with it and pt measured as quarterly rates. The CGG calibration (based on annualized rates) is adjusted

accordingly.
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As indicated in the NW panel, with full rationality, indeterminacy comprises a large portion of the parameter space. To
avoid indeterminacy, the Taylor principle instructs policy-makers to ‘‘lean against the wind,’’ by setting the coefficient on
inflation (or expected inflation) in the interest rate rule larger than one. In this way, a rise in inflation is met with a larger
rise in the nominal rate, and through the Fisher relation this implies a rise in the real interest rate that will have a
dampening effect on the economy.

While the Taylor principle does, in many cases, render a model determinate, and while it is wonderfully elegant and
wholly intuitive, it is known in general to be neither necessary nor sufficient to guarantee a unique equilibrium: see Bullard
and Mitra (2002), Benigno and Woodford (2005), Carlstrom and Fuerst (2005).24

Both the Taylor principle, and the fact that it may be neither necessary nor sufficient for determinacy is evident in Fig. 1.
The NW panel contains a steep, negatively sloped line anchored to the horizontal axis at wp ¼ 1. For wy ¼ 0, this line marks
the boundary between rules that satisfy the Taylor principle and those that do not. This panel shows that rules which
satisfy the Taylor principle, but which also set wy4 + 0:35 result in order 1 indeterminacy: here the Taylor principle is not
sufficient to prevent indeterminacy. It is also evident from the NW panel, that for values of wp which are smaller than but
very near to one, there correspond wy so that the model is determinate, thus demonstrating that the Taylor principle is not
necessary for determinacy to obtain.
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Fig. 1. Determinacy properties: yp1.

Table 1
Calibrations.

Author(s) s&1 l

W 1=0:157 0.024
CGG 4 0.075
MN 0.164 0.3

24 Benhabib et al. (2001) show that even when it does yield determinacy, a rule satisfying the Taylor principle may be ill-advised.
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Now notice the impact of heterogeneity: as a decreases the line anchored at wp ¼ 1 rotates counterclockwise, thereby
enlarging the relative size of the determinacy region; this rotation therefore increases the number of rules that
simultaneously violate the Taylor principle and yield determinacy. We find that this counterclockwise rotation of the line
anchored at wp ¼ 1 obtains robustly.

4.4.2. Extrapolative expectations: y41
We now turn to the case where agents place greater weight on past data, i.e. y41. Fig. 2 presents results for the

benchmark parameter values. The NW panel is identical to the panel in Fig. 1, but here, as a decreases, the line anchored at
wp ¼ 1 rotates clockwise, thereby reducing the relative size of the region in parameter space corresponding to determinacy.
However, for sufficiently high fractions of adaptive agents (small a) the presence of heterogeneity may be stabilizing, in
accordance with Result 3. This leads us to the next result.

Result 4. If y41 then policy rules that yield a determinate outcome in case of rationality may present indeterminacy in case
even a very small proportion of agents are behaving adaptively. In this case, we find that the presence of adaptive agents may be
destabilizing.

We find that this clockwise rotation line anchored at wp ¼ 1 qualitatively obtains robustly.25

Results 3 and 4 suggest that whether heterogeneity stabilizes or destabilizes depends on the distribution of agents
across rational and adaptive expectations, and how strongly agents project past data in the adaptive predictor. When agents
are adaptive in the more traditional sense, the region of determinacy may be more expansive. However, even slightly
extrapolative or trend-chasing agents may destabilize a model that would be determinate under rationality. These results
imply that a central bank uncertain about the precise nature of heterogeneity may desire policy robust for all reasonable
forms of heterogeneity.

The intuition for these results is clear. The usual ‘‘Taylor principle’’ intuition is that if nominal interest rates are not
adjusted more than one for one with expected inflation then aggregate supply shocks (or self-fulfilling shocks to inflation
expectations) will be further propagated through lower real rates leading to higher contemporaneous and future inflation.
In the heterogeneous expectations case the degree of this future propagation depends on a and y (i.e., how strongly
adaptive agents extrapolate past data). In the case of yo1, these adaptive beliefs are mean reverting and will not further
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25 In the NE panel, there is a small unlabeled region along the horizontal axis and bounded above by a thin, downward-sloping line. In this region
order 2 indeterminacy obtains.
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propagate the shock into higher future inflation.26 Thus, a more tepid response in the nominal interest rate rule is
consistent with stabilization. When y41, though, adaptive agents are trend-following and so inflation will be placed on a
self-fulfilling path unless policy is particularly vigilant against inflation. Notice that this logic is consistent with
policymakers’ concerns that inflation expectations might become unhinged and out of the Fed’s control.27

4.5. Discussion

The monetary policy literature, though wide and diverse, typically settles on the same recommendation: set policy so
that the REE is determinate. At the heart of this recommendation is the property that a determinate steady state eliminates
the potential for multiple equilibria to cause volatility of inflation and output. Our results indicate that a policy rule
designed to implement determinacy may lead to inefficient outcomes if there exist heterogeneous expectations.28

To illustrate this point in the starkest terms, we parameterized the model so that it is determinate under rational
expectations. We showed that with even a very small fraction of agents the determinacy properties may be very different. If
agents extrapolate past data, then policy set to ensure a determinate REE may lead to indeterminacy with inefficient
inflation and output volatility. Therefore, the results of this paper demonstrate that if policy attempts to achieve a
determinate REE in a new Keynesian model and these heterogeneous expectations dynamics are present, the policy-maker
may unwittingly destabilize the economy. As such, these results are a cautionary note and suggest that perhaps policy
should guard against indeterminacy in heterogeneous expectations models.

Whether heterogeneity is stabilizing or destabilizing depends on the distribution and nature of the heterogeneity. If
adaptive agents’ expectations are dampening then policy does not have to be quite as vigilant against inflation. Instead,
when adaptive agents extrapolate or ‘‘trend-chase’’ then policy needs to be even more aggressive in its stance against
inflation. These results are intuitive and seem to align with policymaker concerns such as Bernanke (2004) who
emphasizes that adaptive beliefs becoming untethered from policy changes poses a significant challenge. Before
representative agent models became standard in macroeconomics, similar findings were common and date to Kaldor
(1939). However, there are important open questions such as what specification of heterogeneous expectations is
consistent with economic data. The benefit of our axiomatic approach is that it is sufficiently general that it nests many
forms of heterogeneity besides rational versus adaptive. However, the motivating example presented in this section
demonstrates that heterogeneity can strongly impact a New Keynesian model.

5. Conclusion

This paper axiomatized a heterogeneous expectations version of a New Keynesian model from a micro-founded
monetary economy with nominal rigidities. The heterogeneous expectations model aggregates into a reduced form whose
primary distinction from the representative agent model is that conditional expectations are replaced by a convex
combination of expectation operators. Depending upon the beliefs of boundedly rational agents, the new Keynesian
aggregate supply relation may depend on expectations future inflation and on current output. As an example illustrating
the potential implications of our approach, this paper also examined the impact of expectations heterogeneity on a model’s
determinacy properties. Our central findings are twofold. Heterogeneity may be stabilizing or destabilizing, depending on
the nature of the adaptive expectations mechanism. In case the mechanism is extrapolative, models which are determinate
in case of rationality may be indeterminate and hence exhibit sunspot equilibria in the presence of even a small proportion
of adaptive agents.

The theory presented here aims to provide greater focus on the assumptions required for a New Keynesian model to
incorporate boundedly rational behavior. Our primary theoretical result is to provide the assumptions on beliefs necessary
to represent a heterogeneous agent economy with an aggregate law of motion. From an empirical viewpoint, our
theoretical analysis is important as recent studies have documented heterogeneous expectations and ‘‘disagreement’’ of
beliefs in survey data (e.g. Carroll, 2003; Mankiw et al., 2003; Branch, 2004). However, how these divergent beliefs might
impact reduced form relations governing the evolution of the economy has been an open issue. We illustrate that
aggregation is possible provided expectations operators are linear, fix observables, satisfy the LIE, and share common
beliefs on differences in limiting wealth.
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26 Weder (2004), in a similar exercise set in a real business cycle model, found that when y ¼ 1, the degree of increasing returns necessary for
indeterminacy in creases with the fraction of adaptive agents, a result along the same lines as presented here.

27 That values of yp1 tend to be stabilizing and y41 tend to indeterminacy and instability suggests a model where there is parameter learning and
dynamic predictor selection. In this setting it would be interesting to see if in a calibrated version of the model, whether yt would tend to a number above
1 pushing the economy into the indeterminacy region. This would then add heterogeneous expectations as a potential explanation of the Great Inflation
and Moderation. We leave such an examination to future work.

28 It has also been emphasized that policy rules should be chosen so that the associated unique equilibrium is stable under learning: see for example,
Bullard and Mitra (2002), Honkapohja and Mitra (2005) and Evans and McGough (2005). We note that the rule used to generate the plots in Fig. 8 does
produce an equilibrium that is stable under learning.

W.A. Branch, B. McGough / Journal of Economic Dynamics & Control 33 (2009) 1036–1051 1049



Acknowledgments

We are grateful to Chuck Carlstrom, Larry Christiano, George Evans, Seppo Honkapohja, Simon Potter, Bruce Preston,
Glenn Rudebusch, Pedro Teles and Florian Wagener for suggestions. We also thank Fabio Milani and seminar participants at
the Federal Reserve Bank of San Fransisco, the Federal Reserve Bank of Cleveland, The Federal Reserve Bank of St. Louis, the
Swiss National Bank, the University of Paris X, Nanterre, and the Lorentz Center, Leiden for comments.

References

Aiyagari, R., 1994. Uninsured idiosyncratic risk and aggregate saving. Quarterly Journal of Economics 109 (3), 659–684.
Aiyagari, R., 1995. Optimal capital income taxation with incomplete markets and borrowing constraints. Journal of Political Economy 103 (6), 1158–1175.
Amato, J.D., Shin, H.S., 2006. Imperfect common knowledge and the information value of prices. Economic Theory 27, 213–241.
Benhabib, J., Schmitt-Grohe, S., Uribe, M., 2001. The Perils of Taylor rules. Journal of Economic Theory 96, 40–69.
Benigno, P., Woodford, M., 2005. Inflation stabilization and welfare: the case of a distorted steady-state. Journal of the European Economic Association 3,

1185–1236.
Bernanke, B., 2004. The Great Moderation. Remarks by Governor Ben S. Bernanke at the meetings of the Eastern Economic Association, Washington DC,

February 20, 2004.
Bernanke, B., Woodford, M., 1997. Inflation forecasts and monetary policy. Journal of Money, Credit, and Banking 24, 653–684.
Blanchard, O.J., Khan, C.M., 1980. The solution of linear difference models under rational expectations. Econometrica 48 (5), 1305–1311.
Branch, W.A., 2002. Local convergence properties of a Cobweb model with rationally heterogeneous expectations. Journal of Economic Dynamics and

Control 27 (1), 64–85.
Branch, W.A., 2004. The theory of rationally heterogeneous expectations: evidence from survey data on inflation expectations. Economic Journal 114,

592–621.
Branch, W.A., 2007. Sticky information and model uncertainty in survey data on inflation expectations. Journal of Economic Dynamics and Control 31 (1),

245–276.
Branch, W.A., McGough, B., 2005. Multiple equilibria in heterogeneous expectations models. Contributions to Macroeconomics. BE-Press 4 (1) (Article 12).
Brock, W.A., Hommes, C.H., 1997. A rational route to randomness. Econometrica 65, 1059–1160.
Brock, W.A., Hommes, C.H., 1998. Heterogeneous beliefs and routes to chaos in a simple asset pricing model. Journal of Economic Dynamics and Control

22, 1235–1274.
Bullard, J.M., Mitra, K., 2002. Learning about monetary policy rules. Journal of Monetary Economics 49, 1105–1129.
Carlstrom, C.T., Fuerst, T.S., 2005. Investment and interest rate policy: a discrete time analysis. Journal of Economic Theory 123 (1), 4–20.
Carroll, C.D., 2003. The epidemiology of macroeconomic expectations. Quarterly Journal of Economics 118 (1).
Christiano, L., Eichenbaum, M., Evans, C., 2005. Nominal rigidities and the dynamic effects of a shock to monetary policy. Journal of Political Economy 113

(1), 1–45.
Clarida, R., Gali, J., Gertler, M., 2000. Monetary policy rules and macroeconomic stability: evidence and some theory. Quarterly Journal of Economics 115,

147–180.
Evans, G.W., Honkapohja, S., 2001. Learning and Expectations in Macroeconomics. Princeton University Press.
Evans, G.W., Honkapohja, S., 2003a. Expectations and the stability problem for optimal monetary policy. Review of Economic Studies 70, 807–824.
Evans, G.W., Honkapohja, S., 2003b. Adaptive learning and monetary policy design. Journal of Money, Credit, and Banking 35, 1045–1072.
Evans, G.W., McGough, B., 2005. Monetary policy, indeterminacy, and learning. Journal of Economic Dynamics and Control 29, 1809–1840.
Evans, G., Honkapohja, S., Mitra, K., 2003. Notes on Agents’ Behavioral Rules Under Adaptive Learning and Recent Studies of Monetary Policy, Working

Paper.
Gali, J., Lopez-Salido, J.D., Valles, J., 2004. Rule of thumb consumers and the design of interest rate rules. Journal of Money, Credit, and Banking 36 (4),

739–764.
Giannoni, M.P., Woodford, M., 2002. Optimal interest rate rules. NBER Working Papers 9419, 9420.
Guse, E., 2005. Stability properties for learning with heterogeneous expectations and multiple equilibria. Journal of Economic Dynamics and Control 29,

1623–1647.
Honkapohja, S., Mitra, K., 2004. Are non-fundamental equilibria learnable in models of monetary policy? Journal of Monetary Economics 51, 1743–1770.
Honkapohja, S., Mitra, K., 2005. Performance of monetary policy with internal central bank forecasting. Journal of Economic Dynamics and Control 29,

627–658.
Kaldor, N., 1939. Speculation and economic stability. Review of Economic Studies 7 (1), 1–27.
Kocherlakota, N., 1996. Implications of efficient risk sharing without commitment. Review of Economic Studies 63 (4), 595–609.
Krusell, P., Smith, A., 1998. Income and wealth heterogeneity in the aggregate economy. Journal of Political Economy 106 (5), 867–896.
Kurz, M., 2008. Beauty contests under private information and diverse beliefs: How different? Journal of Mathematical Economics 44, 762–784.
Lansing, K.J., 2006. Time-Varying U.S. Inflation dynamics and the new Keynesian Phillips curve. Review of Economic Dynamics, forthcoming.
Lubik, T., Schorfheide, F., 2004. Testing for indeterminacy: an application to U.S. monetary policy. American Economic Review 94 (1), 190–218.
Mankiw, N.G., Reis, R., 2007. Sticky information in general equilibrium. Journal of European Economic Association 5 (2-3), 603–613.
Mankiw, N.G., Reis, R., Wolfers, J., 2003. Disagreement about inflation expectations. NBER Macroeconomics Annual 2003 18, 209–248.
Marcet, A., Sargent, T.J., 1989. Convergence of least-squares learning mechanisms in self-referential linear stochastic models. Journal of Economic Theory

48 (2).
McCallum, B., Nelson, E., 1999. Performance of operational policy rules in an estimated semiclassical model. In: Taylor, J.B. (Ed.), Monetary Policy Rules.

University of Chicago Press, Chicago, pp. 55–119.
Milani, F., 2007. Expectations, learning and macroeconomic persistence. Journal of Monetary Economics 54 (7), 2065–2082.
Pesaran, H.M., 1987. The Limits of Rational Expectations. Basil, Blackwell, Oxford.
Preston, B., 2005. Learning of monetary policy rules when long horizons matter. International Journal of Central Banking 1 (2), 1–46.
Preston, B., 2006. Adaptive learning, forecast-based instrument rules and monetary policy. Journal of Monetary Economics 53 (3), 507–535.
Sargent, T.J., 1999. The Conquest of American Inflation. Princeton University Press.
Schmitt-Grohe, S., Uribe, M., 2005. Optimal inflation stabilization in a medium-scale macroeconomic model. Mimeo.
Shi, S., 1999. Search, inflation and capital accumulation. Journal of Monetary Economics 44, 81–103.
Smets, F., Wouters, R., 2003. An Estimated dynamic stochastic general equilibriummodel of the euro area. Journal of the European Economic Association 1

(5), 1123–1175.
Svensson, L., 1999. Inflation targeting as a monetary policy rule. Journal of Monetary Economics 43, 607–654.
Svensson, L., Williams, N., 2005. Monetary policy with model uncertainty: distribution forecast targeting. Mimeo.
Svensson, L., Woodford, M., 2003. Implementing optimal policy through inflation-forecast targeting. In: Bernanke, B.S., Woodford, M. (Eds.), The Inflation

Targeting Debate. University of Chicago Press, Chicago.
Townsend, R.M., 1983. Forecasting the forecasts of others. Journal of Political Economy 91 (4), 546–588.

ARTICLE IN PRESS
W.A. Branch, B. McGough / Journal of Economic Dynamics & Control 33 (2009) 1036–10511050



Walsh, C.E., 2003. Monetary Theory and Policy, second ed. MIT Press, Cambridge.
Weder, M., 2004. Near-rational expectations models in animal spirits models of aggregate fluctuations. Economic Modeling 21, 249–265.
Woodford, M., 1999. Optimal monetary policy inertia. The Manchester School (Suppl.) 67, 1–35.
Woodford, M., 2002. Imperfect common knowledge and the effects of monetary policy. In: Aghion, P., Frydman, R., Stiglitz, J., Woodford, M. (Eds.),

Knowledge, Information, and Expectations in Modern Macroeconomics: In Honor of Edmund S. Phelps. Princeton University Press.
Woodford, M., 2003. Interest and prices. Princeton University Press.
Woodford, M., 2006. Rules for Monetary Policy, in: NBER Reporter: Research Summary.

ARTICLE IN PRESS
W.A. Branch, B. McGough / Journal of Economic Dynamics & Control 33 (2009) 1036–1051 1051


	A New Keynesian model with heterogeneous expectations
	Introduction
	Heterogeneous bounded rationality
	Heterogeneous expectations: axioms
	Households
	Optimal pricing

	Further implications of heterogeneous expectations
	An application to monetary policy
	Monetary policy
	Rational versus adaptive expectations
	Determining determinacy
	Numerical analysis of determinacy
	Adaptive expectations:   1
	Extrapolative expectations:   1

	Discussion

	Conclusion
	Acknowledgments
	References


