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Abstract

Heterogeneous beliefs are introduced into the monetary economy of Lagos and Wright (2005) and the
implications for monetary equilibria are considered. An endogenous fraction of agents hold rational ex-
pectations and the remaining agents employ an adaptive learning rule similar to Evans and Honkapohja
(2001) and Brock and Hommes (1997). Three primary results follow from the finding that heterogeneous
beliefs can destabilize a stationary monetary equilibrium and lead to non-linear dynamics bounded around
the monetary steady state. First, heterogeneous beliefs can lead to equilibria that are welfare reducing due,
in part, to a lower acceptance rate in decentralized meetings. Second, when buyers, who are uncertain about
their beliefs, behave like Bayesians by placing a prior on sellers’ beliefs, uncertainty impacts dynamic sta-
bility and welfare. Third, the model’s unique predictions provide an explanation of new findings about the
acceptance rate in monetary laboratory experiments.
© 2016 Elsevier Inc. All rights reserved.

JEL classification: D83; D84; E30; E40

Keywords: Money; Search frictions; Liquidity; Learning; Heterogeneous beliefs

* This paper has benefited from comments by the Editor, Ricardo Lagos, two anonymous referees, Guillaume
Rocheteau, Ryan Baranowski and Cars Hommes. We are especially grateful to John Duffy for sharing experimental
data from Duffy and Puzzello (2014).

* Corresponding author.

E-mail address: wbranch@uci.edu (W. Branch).

http://dx.doi.org/10.1016/j.jet.2016.02.003
0022-0531/© 2016 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jet.2016.02.003
http://www.elsevier.com/locate/jet
mailto:wbranch@uci.edu
http://dx.doi.org/10.1016/j.jet.2016.02.003
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jet.2016.02.003&domain=pdf

W. Branch, B. McGough / Journal of Economic Theory 163 (2016) 786-818 787

1. Introduction

This paper introduces heterogeneous beliefs into the workhorse Lagos and Wright (2005)
model of monetary theory. The main finding is that heterogeneous beliefs can alter the nature of
trade in bilateral markets by generating dynamic monetary equilibria with distinct implications
for the intensive and extensive margins of trade, welfare, and for reconciling key experimental
findings.

Models of monetary economies take into account the role assets play in facilitating exchange
in decentralized markets.! For example, in the Lagos and Wright (2005) model agents trade
in bilateral meetings, while limited commitment and imperfect monitoring prevent buyers from
using credit in exchange for goods. A demand for fiat money can arise in equilibrium because it
facilitates exchange in these bilateral meetings.

The set of monetary equilibria depends on the fundamentals of the economy such as the avail-
able technology, preferences, search frictions, and the trading protocol in bilateral matches. The
beliefs of agents are also fundamental to the model. Sellers are only willing to exchange goods for
fiat money if they believe that they will be able to exchange that money for goods in later periods.
Similarly, buyers will only demand fiat money if they believe that it has value in the future. The
monetary equilibria commonly examined in the literature feature a (potentially) delicate coordi-
nation of beliefs, and the principal theory of how beliefs are formed is the rational expectations
hypothesis. Rational expectations, while a natural benchmark, is a strong assumption that re-
quires agents to form their expectations optimally with respect to the economy’s true underlying
conditional distributions that, in turn, depend upon agents’ beliefs in a self-referential way.” We
relax the rational expectations assumption by introducing heterogeneous beliefs — where buyers
and sellers are distributed across a variety of forecasting models, including rational expectations —
into the monetary search model.

We build on the framework in Lagos and Wright (2005).> Each period is divided into two sub
periods. In the first sub period, there is a decentralized market distinguished by bilateral exchange
where buyers, who can consume but cannot produce, are matched with sellers, who can produce
but cannot consume. When buyers and sellers are matched, the terms of trade are determined by
take-it-or-leave-it offers made by buyers. In the second sub period there is a centralized market
where buyers and sellers can both consume, trade assets and produce.

We introduce heterogeneity in beliefs by assuming that there is a fraction of agents who hold
rational expectations and the remaining agents are distributed across other “boundedly rational”
forecasting models. As a baseline example, we assume that agents are either rational or form
forecasts using an adaptive learning rule. The adaptive learning rule is in the spirit of Marcet and
Sargent (1989) and Evans and Honkapohja (2001), who argue that an economic agent should
behave like a good econometrician and form forecasts from a well-specified forecasting model
that adapts to account for recent data.

The structure of heterogeneous beliefs in our model is specified so that in a steady-state
equilibrium all beliefs coincide and the perfect-foresight steady-state rational expectations equi-

1 Primary references include Kiyotaki and Wright (1989), Diamond (1982), Shi (1997a), Lagos and Wright (2005),
Rocheteau and Wright (2005).

2 Qurs is not the first search theoretic paper to point out that rational expectations is a strong assumption. For instance,
see Gu et al. (2013, p. 15) “Of course, we made some strong assumptions, including our assumption of perfect foresight,
or rational expectations.”

3 See Nosal and Rocheteau (2011) for an excellent exposition of search based monetary models.
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librium obtains. The range of equilibrium outcomes and of economic dynamics depends on the
distribution of individuals across forecasting models. An important aspect to our model is that
the distribution of heterogeneity is an endogenous object and perfect foresight remains a choice
available to all agents, though they must pay a computational cost for its use. Following Brock
and Hommes (1997) and Branch and Evans (2006), the fraction of agents with perfect foresight
is increasing in its forecast accuracy, net of the computational cost, relative to the accuracy of the
adaptive learning rule. Empirical evidence in favor of this framework for expectation formation
is provided by Branch (2004) and Hommes (2013).

The main results of this paper are as follows. First, heterogeneous beliefs can lead to inefficient
trading outcomes with lower welfare than would arise in a rational expectations equilibrium.
In a steady state, all individuals hold identical beliefs. Thus, the inefficiencies that stem from
heterogeneous beliefs arise along dynamic equilibrium paths. The novelty in this paper is that
we allow beliefs, and hence trading inefficiencies, to be determined as an endogenous object of
the model.

Heterogeneous beliefs alter the set of monetary equilibria. Unlike rational expectations mon-
etary equilibria which require full coordination of beliefs, we show the existence of monetary
equilibria with heterogeneous, boundedly rational beliefs. Although the steady state of the mon-
etary equilibrium we consider coincides with the steady state under rational expectations, het-
erogeneous beliefs can destabilize the steady state and lead to a variety of periodic and aperiodic
cycles, including complicated dynamics, that remain bounded around the steady-state monetary
equilibrium. Along these dynamic equilibria, the distribution of money holdings across agents is
non-degenerate and time-varying.

An interesting implication of the framework in this paper is the role that within-match com-
mon knowledge assumptions play in bilateral trade. In random, anonymous decentralized meet-
ings it is natural to assume that buyer and seller beliefs are not common knowledge within a
match. To see how this impacts trading behavior, consider a take-it-or-leave-it offer made by a
buyer to a seller. Under common knowledge, the buyer would select an offer that just meets the
seller’s participation constraint. Without common knowledge, the buyer must form expectations
about the seller’s participation constraint, and this constraint depends on the seller’s beliefs about
the future value of money. Thus, when making a take-it-or-leave-it offer, a buyer must allow for
the possibility that his beliefs do not align with the seller’s. Consequently, we model buyers as
Bayesians who holds priors over sellers’ beliefs and, therefore, who explicitly acknowledge their
uncertainty about the sellers’ participation constraints. We call the bargaining offers that arise in
this setting Bayesian offers.

Along a dynamic path, when a buyer and seller with different expectations about the value
of money are matched, they may be unable to reach agreement on the terms of trade. Thus,
heterogeneous beliefs can lead to an endogenous extensive margin of trade, which we measure
as an acceptance rate, that is, the proportion of take-it-or-leave-it offers accepted by sellers.
Naturally, the failure of some offers to be accepted in some matches, that is, an acceptance rate
lower than one, magnifies search frictions.

We present results that demonstrate how heterogeneous beliefs reduce welfare and, in partic-
ular, we characterize how welfare is impacted by variation in buyers’ uncertainty, parameterized
in terms of the spread of their prior distribution. We identify three ways uncertainty impacts
welfare. First, uncertainty affects the intensive margin of trade as buyers make “cautious” offers
whereby they offer a higher payment in exchange for a smaller quantity. By altering the de-
mand for money, this affects the equilibrium price. Second, these cautious offers, all else equal,
increase the acceptance rate of sellers, i.e. the extensive margin of trade. Third, small changes
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in uncertainty can bifurcate the equilibrium leading to qualitatively distinct dynamics that can
feature higher or lower welfare depending on the resulting dynamics for the acceptance rate.

Another main result of this paper offers the unique theoretical predictions from the model
with heterogeneous beliefs as an explanation for the results from a Lagos—Wright laboratory
environment in Duffy and Puzzello (2014), who provide evidence in favor of monetary equilibria.
They also find, however, that

a large fraction of offers made by buyers are not accepted by sellers;
. the accepted offers are different from the theoretical stationary equilibrium price and quan-
tity;
3. there is a non-degenerate distribution of money holdings despite evidence of portfolio rebal-
ancing in the centralized market;
4. higher-quantity (buyer) offers are more likely to be rejected.

N =

These experimental results are inconsistent with the rational expectations equilibrium but are
consistent with the theoretical predictions of the monetary search model with heterogeneous ex-
pectations. Furthermore, the model presented in this paper makes sharp predictions regarding
the relationship between prices and the acceptance rate, as well as between prices and sellers’
realized surpluses, which should be invariant to the price of money under rational expecta-
tions.

What is the intuition for why heterogeneous beliefs can destabilize the stationary monetary
equilibrium? In a stationary equilibrium, rational expectations (perfect foresight) and the adap-
tive predictor deliver the same forecast. Depending on the parameterization, the perfect-foresight
steady state corresponding to the monetary equilibrium may be determinate or indeterminate.
When the steady state is indeterminate, the monetary equilibrium is a sink under perfect fore-
sight dynamics and a source under adaptive expectations. In a neighborhood of the stationary
equilibrium, rational expectations and the adaptive predictor will both forecast similarly and
agents will be unwilling to pay the computational costs necessary for perfect foresight. As the
fraction of adaptive agents increases, the dynamics push the economy away from the stationary
equilibrium until it reaches a point at which the accuracy gains associated to rational expec-
tations outweigh the costs required for its use; hence, the fraction of rational agents increases
and the economy moves towards the stationary equilibrium. The resulting tension between the
stabilizing (or, attracting) and repelling dynamics can yield periodic orbits and complex dynam-
ics.

There is a substantial literature that studies dynamic monetary equilibria in versions of the
Lagos—Wright model. Lagos and Wright (2003) show that periodic and aperiodic equilibria can
arise when bilateral trade is negotiated via Nash bargaining. Nosal and Rocheteau (2011) show
the existence of periodic cycles in a model very close to ours with buyer-takes-all bargaining. The
novelty in this paper is that these fluctuations arise for a different reason, namely, the endogenous
distribution of heterogeneous beliefs.

It is also important to note that the framework employed here can be applied in more general
settings such as any extension of the model that might include other assets, e.g. stocks or bonds,
that can have a liquidity role in over-the-counter markets. Thus, the types of dynamics present
in this paper might arise in other asset pricing settings with search frictions, and may provide
realistic asset price dynamics such as bubbles and crashes.

The paper proceeds as follows. Section 2 details the general model environment and intro-
duces take-it-or-leave it offers with belief uncertainty, Bayesian offers. Section 3 studies the
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steady-state properties with belief uncertainty, and presents a set of benchmark results on the
dynamic stability properties of heterogeneous beliefs. Section 4 presents the implications of het-
erogeneous beliefs for welfare. Section 5 explores the unique theoretical predictions of the model
in the Duffy—Puzzello experimental data, while Section 6 concludes.

1.1. Related literature

The results in this paper relate to a literature in monetary theory which incorporates hetero-
geneous valuations in search models, see for instance Rocheteau (2011). In Jacquet and Tan
(2011), an extension to Rocheteau (2011), buyers and sellers attach different values to money
because of shocks to their disutility of effort in the centralized market. In their model, sellers
value money more and so are willing to produce more in any given match. The results in this
paper are closely related, but the difference in values arises because of endogenously heteroge-
neous beliefs. Moreover, we show that it is possible for output, within a match, to be inefficiently
low or high. In Engineer and Shi (1998, 2001) and Berentsen and Rocheteau (2003), buyers and
sellers have asymmetric demands for the other’s goods and study whether monetary equilibria
can exist even without the double coincidence problem. Berentsen and Rocheteau (2003) show
in settings with asymmetric demands that money can have value in equilibrium because agents
value money symmetrically. In our model, buyers and sellers value money asymmetrically when
they have heterogeneous beliefs. It would be interesting to consider the choice of which assets
to use as a medium of exchange in an environment where buyers and sellers disagree about the
value of only a subset of assets.

The existence of cycles and non-linear dynamics in monetary models is well-known. For ex-
ample, in addition to the aforementioned Lagos and Wright (2003), Gu et al. (2013) demonstrate
non-linear perfect foresight dynamics in a model with endogenous credit constraints. Most of
these perfect foresight models require the dynamic pricing equation to be non-monotonic much
like in the extensive literature that studies non-linear dynamics in overlapping generations mod-
els. In the present paper, interesting dynamics can arise under more general conditions and rely
on the tension between attracting and repelling dynamics that are inherent to heterogeneous ex-
pectations. The non-linear dynamics that arise in our model are very close to those in Brock and
Hommes (1997) and Hommes (2013).

There is an extensive literature that studies bounded rationality and learning in macroeco-
nomic models. Adaptive learning models formulated by Marcet and Sargent (1989) and Evans
and Honkapohja (2001) are based on a “cognitive consistency principle” that states that economic
agents should be modeled like economists and econometricians who specify models and revise
their beliefs in light of data. Here, the choice of the forecasting model is an endogenous ob-
ject. Moreover, most monetary models with adaptive learning do not feature bilateral bargaining.
One contribution of this paper is to extend learning analysis to frameworks where higher-order
expectations matter.

The results of this paper are also related to monetary search models with non-degenerate
wealth distributions that arise from the idiosyncratic consumption and production possibilities
in search markets. Shi (1997b) uses a large household model to construct a model of divisible
money with a non-degenerate wealth distribution. Similarly, Berentsen et al. (2005) and Molico
(2006) study the distributional consequences of monetary policy in monetary search models.
Here, we work with a very tractable extension of the Lagos—Wright model, where the distribu-
tion of money holdings arises because of heterogeneous beliefs. Because of the non-degenerate
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monetary distribution, there will be an endogenous price dispersion reminiscent of Peterson and
Shi (2004).4

There is also a literature on private information in payoffs to assets and the potential role of
signaling and other strategic considerations in the decentralized market. See, for example, Nosal
and Wallace (2007), Lester et al. (2012), Li et al. (2012), and Golosov et al. (2014). Relatedly,
Berentsen et al. (2014) find that uncertainty and private information in the payoffs of an asset can
account for the large number of rejected offers in the laboratory. This paper focuses on agents
with heterogeneous beliefs — who make take-it-or-leave-it offers given their priors about the value
of money — and abstracts from the strategic issues. These and other issues are discussed in greater
detail below.

2. Model

This section incorporates heterogeneous expectations into the Lagos and Rocheteau (2005)
formulation of the Lagos and Wright (2005) model with ex-ante buyers and sellers. The model’s
preferences, production technologies, and market structure are standard. The novel elements we
introduce are the forecasting models available to agents, Bayesian bargaining offers, and the
endogenous distribution of agents across forecast models.

2.1. General environment

The environment is non-stochastic. Time is discrete, and each time period is divided into two
sub-periods. There are two types of non-storable goods: specialized goods are produced and
consumed in a decentralized market (DM) that opens during the first sub period; and general
goods (numeraire) that are produced and consumed in a competitive market (CM) during the
second sub-period. There are two types of agents: “buyers” and “sellers”. All agents produce CM
goods using the same technology that is linear in labor, but are distinguished by their ability to
produce DM goods: sellers have access to a specialized-good production technology and buyers
do not, whereas only buyers receive utility from specialized-good consumption. Additionally,
there is fiat money, a divisible, intrinsically worthless asset with outside supply M. We denote
the price of fiat money (in terms of the numeraire) as ¢. Fiat money is the only storable good in
the economy.

Trading in the CM is centralized and coordinated by a Walrasian auctioneer. The DM is char-
acterized by bilateral trading, which results in a double coincidence of wants problem. A seller
and buyer meet with probability o, capturing a standard search friction. When o = 1, the search
friction is shut down and each buyer is matched with certainty to a potential trading partner.
Limited commitment and imperfect record-keeping preclude the use of unsecured credit in these
meetings and, thereby, provide a role for fiat money to facilitate trade that otherwise would not
occur.

We now describe the behavior of buyers and sellers in more detail. There is a unit mass of
sellers. Let g be the quantity of the DM good produced, and let x be the net quantity of the
CM good consumed, where negative values of x arise when more is produced than consumed.
The representative seller’s preferences are captured by E ), B'U*(q;, x;) where U*(g,x) =

4 Heterogeneous beliefs of the type under consideration here have been shown to be consistent with findings from
learning-to-forecast experiments. See, for example, Anufriev and Hommes (2012) and Assenza et al. (2011).
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x — c(q), and the expectations operator here is taken to be rational — sellers always have perfect
foresight in our model. Also, c(g) > 0 measures the disutility of labor associated to producing the
quantity g; the quasi-linearity in x, the net CM good consumed, greatly simplifies the analysis
by eliminating wealth effects.

There is a unit mass of buyers indexed by i € Z. In general, the buyer-specific reference i € 7
will be suppressed in the notation except when predictor choice is discussed and tracking the
decisions of specific agents is necessary for clarity. Unlike sellers who are rational, buyers are
boundedly rational, and select a forecast model (also referred to as a “predictor” or “‘expectations
type”) each period. As is common in the literature on bounded rationality, we model buyers
as anticipated utility maximizers, which means they make decisions each sub period assuming
their current predictor will be used indefinitely. See, for instance, Kreps (1998) and Cogley and
Sargent (2008). The buyer’s instantaneous utility is given by U%(q, x, 7) = x + u(q) + Q(1),
where T captures expectations type, $2(7) represents the utility gained from the selection of a
forecasting model of type 7, and ¢ is the quantity of the DM good consumed. We refer to a
buyer who selects predictor T as a “buyer of type t,” but it is important to remark that predictor
selection, and hence buyer type, evolves over time. Finally, #(q) measures the utility associated
to consuming the quantity g. Assume as usual that v’ > 0, u” <0, and u(0) = 0.

Agents’ optimal money holdings and bilateral bargaining depend, in part, on beliefs about
the (future) value of money. The timing of the model has a buyer of type t deciding on money
holdings in the CM of period ¢ given their beliefs about the future CM value of money and their
expectations about the outcome of bilateral bargaining in the period # + 1 DM. Therefore, buyers
in the period + CM must also formulate expectations about their own future expectations as well
as expectations about the seller’s beliefs. It is this latter feature which leads to novel implications.

Though below we are much more specific about the particular timing assumptions, it is useful
to provide a brief overview here. Buyers come into the DM, which opens at the beginning of the
first sub-period, holding money and with pre-determined beliefs. Buyers and sellers are matched,
bargaining ensues, and the first sub-period ends. The CM opens in the second sub period, buyers
rebalance their portfolios and markets clear. Between the closing of the CM, after new data have
been realized, and the opening of the DM buyers select their new expectations type and update
their beliefs.’

2.2. The centralized market

Denote by W, the buyer’s value function at the beginning of the second sub-period of pe-
riod ¢ (i.e. at the opening of the CM), and by V; the value function at the opening of the DM.
A superscript “s” signifies the associated value functions for the sellers.

Buyers enter the CM with a quantity of money m; and predictor type 7,. Buyers choose the
net quantity x, of the (CM) numeraire good to consume and how much money m, | to carry into
the next period to use for DM trading. Thus, they solve the following problem:

Wi(my, ¢r, 7)) = Q(7¢) + mmﬁll)gc {Xt + BE! Vig1 (g1, di41, Tt)}
t+1,1t

Xt + Qrmy | = rmy.

5 Alternatively, we could identify a third sub-period in which predictor selection is made, but it seems more convenient
notionally to specify a “between-period” decision.
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Note that while the buyer will select a new, and possibly different predictor before the opening

of the DM in period ¢ + 1, he makes decisions during the CM of period ¢ assuming his predictor

type tomorrow will be the same as his predictor type today, i.e. the predictor-type argument in

Vi+1 and Q is t;, not t;41. This reflects the anticipated-utility assumption mentioned earlier.
The problem may be written equivalently as

Wiy, ¢ 70) = oy + Q(x0) + max {—gmer + BE] Vier (nrsr, dr 1)}
t+

Note that the optimization problem is separable in m;, so that all buyers of the same predictor-
type make the same rebalancing decision m; 1, regardless of their entering money stock ;.

Sellers solve an analogous problem, under the assumption of perfect foresight. If B¢,+1 > ¢,
then sellers may want to buy money in the CM. However, if S¢;11 > ¢, then money demand is
infinite and no equilibrium exists, and if S¢;+1 = ¢; then agents are indifferent across money
holdings. Thus, we focus on price paths that have the property that B¢,y < ¢, and check that
this condition holds in the numerical analysis. In this case, the sellers supply inelastically in the
CM the money received in the DM.

2.3. The predictor choice

After the close of the CM in period-t, the buyer updates his predictor choice. There are N
available predictors indexed by 7 € {1, ..., N}, with ¢;, (7, ) being predictor-type 7’s fore-
cast of the time-r + n price of money for n > 1, formulated between the closing of the CM
in period ¢ and the opening of the DM in period ¢ 4 1. For notational convenience, we denote
&7y, (t) = @7, (z, 1) for point expectations, with the period when forecasts are formed being
implied. A type t predictor also comes with an uncertainty measure F*(-, ¥), which may be
important for bargaining in the DM: this will be discussed in detail in Section 2.4. In many of
the examples, we place a particular structure on the set of forecasting models by assuming that
buyers hold either perfect foresight beliefs (rational expectations) or beliefs summarized by an
adaptive learning rule in the spirit of Evans and Honkapohja (2001).

Each buyer i € 7 selects his predictor type ;41 by solving the following problem:

741 = argmax Q; (7, ¢f (1), ¢y)
ze(l,....N}

2
where  Q; (7, ¢{ (), ¢r) = — (¢ (1) — ¢:)” — Cuu (D). (1)
The objective €2; (r,d:f (r),¢,) may be viewed as a utility function with two components:

— (d)f () — qf)t)z captures the past performance of predictor t; and C;;(t) is an idiosyncratic
preference shock measuring buyer i’s relative ease with using predictor t, i.e. the “cost” to
adopting predictor T by buyer i. The cross-sectional distribution of this shock determines the
proportion of buyers using a particular predictor in a particular period: see Brock and Hommes
(1997) for details. We return to this point in Section 2.6.

2.4. The decentralized market

At the opening of the DM, buyers and sellers are randomly matched. Given a match, the buyer
trades money for the specialized good produced by the seller, and the terms of trade are negoti-
ated through bargaining. We emphasize here take-it-or-leave-it offers made by buyers given their
beliefs about the value of money and their prior over sellers’ beliefs, i.e. the sellers’ participation
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constraints. We also consider a Nash bargaining protocol in the Online Appendix. Nash bar-
gaining facilitates a simple and interesting result, Proposition 6 (see the Online Appendix), that
illustrates a trading inefficiency that arises when there is a belief disagreement between buyer
and sellers.® Buyer-takes-all bargaining has two advantages. First, it facilitates analytic results in
the model with heterogeneous beliefs. Second, it is a convenient device to alter the implications
of common knowledge assumptions in bilateral trade.

2.4.1. Buyers’ beliefs

The beliefs of a buyer selecting predictor t at the closing of the CM in period ¢ have two
components: point-forecasts ¢/, , () and bargaining uncertainty Ftﬁrl(~, ¥).” While a buyer of
type t believes with certainty, at the opening of the CM in period ¢, that the ¢ + 1-price of money
will be q’)f f 1(t), he must also formulate expectations about the seller’s beliefs. This is where
bargaining uncertainty comes in to play, and it is best to begin with a discussion of common
knowledge.

The terms of trade depend on the buyer’s and the seller’s forecasts of the price of money, since
this value will be determined in the subsequent CM. When buyers and sellers with different be-
liefs about the future value of money are matched, the bargaining process will evidently depend
on the extent to which beliefs are common knowledge within the match. Under the take-it-or-
leave-it protocol there is no extended interaction between agents. The buyer, who is taken to be
the first mover, simply makes an offer to the matched seller and the seller decides whether to
accept. To make his offer, the buyer must forecast the price expectations of the seller and the lack
of interaction precludes the extraction of useful information from the seller about his/her beliefs.
Under this protocol, we do not assume common knowledge of beliefs; instead we assume that
buyers use their own beliefs as proxies for the forecasts of the sellers. However, while a buyer of
type T is confident that ¢;11 = ¢;, ;(t), he is not certain that the seller holds a similar forecast.
Instead, a buyer of type t behaves like a Bayesian, acknowledging the uncertainty, and placing a
prior on a seller’s price forecast via a distribution Ftr+1 (-, ), where the mean of this distribution
is ¢f +1(7), and the variance is measured by X. We interpret X as parameterizing buyers’ uncer-
tainty about sellers’ beliefs. As adaptive agents learn over time about ¢, they update their prior
accordingly.®

2.4.2. Take-it-or-leave-it protocol

To simplify exposition in these next few subsections, we drop time subscripts: all the action is
happening within period. Also, we suppress the predictor type, as it is taken as given by the buyer
when offers are made. Upon being matched, buyers make take-it-or-leave-it offers (g, d), where
q is the quantity of the good delivered by the seller and d is the quantity of money offered in
exchange. Denote by ¢” and ¢° the point expectations of the price ¢ held by buyers and sellers,
respectively, at the opening of the DM. To be accepted by a matched seller, the corresponding
buyer’s offer must satisfy a participation constraint given by

Wi(d,¢") —c(q) = W*(0,9°).

Since W¥ is quasi-linear in ¢*, this constraint may be equivalently written as ¢*d > c(q).

6 There is a close connection between Nash bargaining and Bayesian offers, that is explored below.

7 Only the point forecasts ¢f 1 (7) are needed for bargaining in the period 7 + 1 DM.

8 The Online Appendix also considers a formulation of the model where adaptive agents also specify an updating rule
for X.
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Under homogeneous rational expectations, the buyer knows ¢* and therefore will never offer
more than the “reservation wage” ¢(q)/d. Our modeling environment is distinguished by hetero-
geneity and bounded rationality. In particular a matched buyer does not know with certainty the
corresponding seller’s perceived price ¢°, and therefore cannot determine the reservation wage.
As discussed in Section 2.4.1, a buyer takes ¢* as a random variable with mean ¢” and distribu-
tion given by Fy. In this initial discussion, we assume buyers hold dogmatic beliefs: ¥ =0 and
¢°* = ¢”. The case of buyers with dogmatic beliefs is useful for providing intuition and analytic
results. In the next section we consider the more general case in which £ > 0.

Under dogmatic priors, a matched buyer makes an offer by solving the following problem

max u(q) + W(m —d, ¢*)
q,d<m

¢bd > c(q), 2

where the inequality is the seller’s participation constraint, and to aid notation we suppress here,
and in the following section, the dependence of the CM value function on 7. Since the buyer will
always offer their forecast of the seller’s reservation price, this participation constraint binds,
which leads to the following solution:

b _ | a* if ¢Pm > c(g*)
qm. ¢") = { c N (@Pm) else
b
d(m,¢b) — 0(61(27};(1’))_

Here, g* is the efficient level of output, as determined by u’(¢*) = ¢’(¢*): see the Online Ap-
pendix for more details.

2.4.3. Bayesian offers

We now relax the dogmatic assumption that buyers believe ¢* = ¢, and instead allow buyers
to acknowledge their uncertainty about sellers’ beliefs and behave like a Bayesian with a sub-
jective prior distribution Fy. A Bayesian take-it-or-leave-it offer, then, balances maximizing a
buyer’s surplus against the subjective probability an offer will be accepted. We call this form of
take-it-or-leave-it bargaining Bayesian offers.

Let x (g, d, ¢*) be the characteristic function identifying an acceptable offer, that is,

1 if¢d = c(q)
0 else

X(quvd)v):{

The buyer’s offer solves

max Er ((u@)+ Won—d.6") x(a. .9+ W, 6" (1 = x(g.d.9") ).

b c(q)
o e (0 =o0) (1= (7)) v
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where the second expression exploits quasi-linearity, #(0) = 0, and computes expectations. The
notation E . emphasizes that we are computing expectations over ¢° against the distribution F,
which is centered at ¢?.°

In case the liquidity constraint d < m is not binding, the buyer’s offer satisfies the following
conditions:

W'(q) _ ¢'d
(q)  clg)
w'(q) = (ug) - ¢"d) (@) h <@> )
d d )’
where hy(x) = (% Fs (x)) (1 — Fx;(x))~! is the hazard function associated to the distribu-

tion Fy. In this case hy (%) measures the instantaneous rate of rejection given that the

offer (g, d) is accepted. The first condition in (4) equates the marginal rate of substitution with
the expected ratio of relative valuations of money.'” The latter condition in (4), equates the
marginal benefit to a buyer from an offer with the expected surplus lost by rejection, i.e. it’s
the surplus u(q) — ¢?d times the conditional probability of rejection, the latter being given by

The condition (4) is familiar. In case of dogmatic priors, that is, £ = 0, the buyer’s offer will
correspond to the perceived reservation wage of the seller: ¢d = ¢(q). In this case, the quantity
offered, ¢, will satisfy the usual condition for efficiency: u'(q) = ¢/(q).

Now consider the constrained case. Imposing d = m reduces the buyer’s decision problem to

one dimension.'' The objective function (u (@) — ¢>bm) (1 — Fy (%)) is not globally concave.

However, existence and uniqueness can be established under a variety of different assumptions.
The following proposition provides the assumptions we will use in the sequel:

Proposition 1. If Fx. has finite second moments and if h's, > 0 then the constrained problem

max (u(q) - ¢"m) (1 ~ Fy (%)) (5)

has a unique solution.

All proofs are in Appendix A.
The next section characterizes the nature of Bayesian offers. In anticipation of the analysis,
it is useful to provide some brief intuition about how Bayesian offers differ from buyer-takes-all

9 We restrict buyers to making a single (g, d) offer in any given meeting. Also, our focus is on dynamic equilibria

where prices (hence, ¢*) vary over time. Since sellers’ beliefs are never fully observed, all interactions are anonymous
and infrequent, we therefore rule out buyers who engage in experimentation.
10" Notice that c(q)/d is the seller’s marginal value of money. Thus this F.O.C. is analogous to the condition in Nash
bargaining with heterogeneous beliefs which equates u’(g)/c’(q) = ¢h /@*, as shown in the Online Appendix. In the
dogmatic case, when the constraint is not binding the offer satisfies u’(g)/c’(q) = 1. The key difference between the
Bayesian offers and the Nash bargaining is the second condition in (4), which accounts for the perceived acceptance rate.
11 We assume, for this discussion, that there is positive surplus at mean beliefs: if c(g) = qbbm then u(q) > c(gq). This
assumption is stronger than is needed to guarantee a matched buyer makes a non-trivial offer, and also is innocuous in
the following sense: along the equilibrium time-paths that we consider, buyers will never hold more money than they
intend to offer, and therefore will never hold so much money that if it is all offered the surplus is negative.
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Utility

Offer

Fig. 1. Expected utility: normal beliefs.

with dogmatic beliefs. To this end, consider Fig. 1, which plots the objective function in (5) under
the assumption that beliefs are normally distributed about ¢” and that u is an affine-transformed
CRRA utility function. The vertical dashed-line indicates the offer that results from dogmatic
priors. A robust feature of the monetary equilibria that we consider is that, provided the uncer-
tainty is not too large, the buyer’s objective function is maximized at an offer that is to the left of
the dashed line, i.e. a more cautious offer.

2.5. Money demand

We now derive money demand given the bargaining solutions in the previous sections. Denote
by (q (m,, o7 (rt)) ,d (m,, o7 (1:,))) the period ¢ offer of an agent of type ;. The type-t; buyer’s
DM value function may be written

Vi (i, 67 (), )
— o E7 (x (q (m1. 95 (@) . (1. 9 ) . 8°) {1 (q (m. 65 (2)))
W, (g = d (me 95 20) () ) })
w5 (1= (0 Onr 05 ) 1 6£20) - 69) W 2. )

+ A -0o)W;(m,, ¢f(‘fz)s 7)),

where E/" represents the expectation taken over ¢* against the distribution Fy', which is centered
at ¢7 (t;). Using Wi (m;, @1, 1) = oom; + Q(ry) + W(O, ¢y, 7), it is straightforward to show
that a household of expectations type 7; chooses its money m;41, in the centralized market, to
solve

Wi (my, ¢, )
=¢m; + Q(1) + 11;11137: {—¢>rmt+1 + BE[ Vi1 (mt+17 b7, 1(T0), Tz)}
1+

= gim + Q(v) + BWi1 (0, ¢, (1), ) + maxy — (¢ — By (T))miy
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o [ €@ (mig1, 97, (1)
+ 1—-F{
g U( ¥ ( d (mes1, 0f, (1))

X (’4(61 (mt-i-ls ¢;e+1(771))) - ¢f+1d (mt—H’ ¢te+1(ft)))}-

The solution to this optimization problem determines the buyer’s money demand as a function
of current price and expectations.
There are three cases to consider:

o If ¢7 () > B¢, then there is no solution since expected rate of return exceeds the rate
of time preference.

o If ¢  (v)= B~ ¢;, then they are indifferent and any m > c(q™)/#;,1 () is a solution, and
d=c(g")/¢¢,,(@).

o If ¢>f+] () < ﬂ_lq&,, d =my41 and m, 4 solves the interior F.O.C.

M1, ¢,e+1(ft))) ))

me41

0=—¢; + B, (1) + fo (1 — FY (C(q (

X (”/ (q (mt—Hv ¢;e+1('5t))) X it (61 (mt—&-l’ ¢[e+1(fz))) - ¢f+1(ft))

C(Cl(mt+1,¢f+1(fz)))>x 9 (c(q(mm,qsfﬂ(n)))) ©

— Bod F;’ <
Mt dmiq1 Mt

In the paper we focus only on price paths for which this last case holds, so that we may use
the interior FOC to determine money demand. This last condition arises whenever buyers are
liquidity constrained in the sense that they do not hold enough money balances to purchase the
efficient level of DM consumption. As equation (6) shows, a buyer’s optimal money holdings
depends on the expected holding return (cost) S¢; i 1(z:) and the second term that reflects the
liquidity premium associated to the transaction role of money in bilateral trade. This latter term
is positive only when money is scarce so that the liquidity constraint d < m binds. This first-order
condition implicitly defines the demand for money in terms of current price and expectations: we
denote this demand by m;+1 =m (¢,, ¢f 1 (‘L’)). While closed form solutions do not, in general,
exist in the case of heterogeneous expectations, it is possible to numerically solve for the money
demand function.

2.6. Heterogeneous expectations

As discussed above, we assume that buyers have an array of predictors, or forecasting mod-
els, available to them. The particular set of forecasting models that we consider is motivated by
the econometric learning literature which models economic agents as econometricians who take
seriously the applied econometric problem of choosing a forecasting model. Obviously, the best
performing forecasting model is a correctly specified model that captures the precise dynamic
properties for ¢,, which, in this case, would be the perfect foresight predictor. However, formu-
lating perfect foresight is likely to incur a computational and cognitive cost. Instead, the advice
of many econometricians is to choose “parsimonious” forecasting models that project recently
observed data into a forecast for future values of ¢, that minimizes mean-squared forecast errors.
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Whether a particular buyer is willing to pay the cost of acquiring perfect foresight depends on its
benefits relative to simpler forecasting models. A key aspect of the approach in this paper is that
the distribution of agents across forecasting models is an endogenous object, thereby, preserving
many of the cross-equation restrictions that are salient features of rational expectations models.

We assume that buyers select their forecasting models by weighing past performance, mea-
sured in terms of mean-squared forecast errors (the €2 term), against the cost of usage in terms of
utility. Recall that there are N predictor types, t € {1, ..., N}, with point-forecasts denoted by
&7, ,(t) for n > 1. Note that at the opening of the DM in period ¢, a buyer will hold a predictor
of type t; and will use point forecasts ¢; (t;) when engaged in bargaining.

Recall from Section 2.3 that between the close of the time (+ — 1) CM and the opening of the
time ¢t DM, buyer i € Z selects his predictor by maximizing the objective

2
Qi (1, ¢ (), r—1) = — (¢7_ () — p—1)” — Cir—1(0).
We now assume Cj;(t) = C(tr) + v;;(t). Provided that the v;,(r) are serially and cross-
sectionally i.i.d. and hold an extreme value distribution, the proportion of buyers, n;(t), using

predictor T in period ¢ to forecast ¢, and ¢, is given by the MNL map (7): 12
N exp(y - (7,07 (1), dr—1
@ =n (né o @_) = =5 (v-Q(r.9f, ) .

Yo _exp(y - Q(w. ¢ (@), ¢i—1))

where

Q (. ¢¢ (D), ¢1-1) == (¢ () = $1-1)” = C(@).
The MNL approach has a long and venerable history in discrete decision making and is a natural
way of introducing randomness in forecasting into the present environment. Young (2004) argues
that randomness in forecasting has a similar interpretation to mixed strategies in actions in that
it provides robustness against forecasting model uncertainty. The parameter y is typically called
the “intensity of choice” parameter and is inversely related to the variance of the cross-sectional
distribution of v;;(7). Since the MNL map is derived from a random utility setting, finite values
of y parameterize deviations from full utility maximization. In our analysis below, we compare
the equilibrium dynamics across various values of y. The “neoclassical” case is y — oo where
agents choose only the best performing forecasting model.

The timing assumptions here require special discussion. We follow the adaptive learning liter-
ature in assuming that current values of the endogenous state variables are not directly observable
when forming boundedly rational forecasts. This is usually assumed to avoid a simultaneity in
least-squares parameter estimates and the endogenous variables. In this setting, the assumption
preserves logical consistency for adaptive agents. Rational agents (who have one-step-ahead per-
fect foresight) know the current value for the price, but the adaptive agents do not. Under this
natural assumption, predictor selection takes place at the end of the period, after updating infor-
mation from the CM, and then forecasts are made. As discussed previously, boundedly rational
forecasts are not updated after trading in the DM. The approach taken here assumes that agents
have a menu of predictor choices. Each agent looks to the most recent forecasting performance
which, combined with their random-utility preference shock underlying the MNL map, chooses
a predictor that they will use in the present period.'?

12' See Brock and Hommes (1997) for details.
13" Atthe end of period ¢, a buyer of type t chooses their money-holdings optimally given their beliefs. We do not impose
that the individual correctly foresees how their beliefs might change and evolve in subsequent periods, in particular, at
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At this point, a brief remark is warranted about the interpretation of the money-demand func-
tion m (d),, &; 1 (r)) for buyers who do not hold rational expectations. It was previously assumed
that a buyer with boundedly rational beliefs does not observe contemporaneous ¢; when forming
expectations. We interpret the optimization problem as determining a money demand schedule
that the agents turn into the Walrasian auctioneer in the centralized market and the auctioneer
sets the price to clear the market.'

An equilibrium price path is a sequence of prices ¢, satisfying market clearing:

N

Znt (r, -1, {¢ffl(w)}ff:1) m (¢, ¢f, (D) =M. ®

=1

Recall that the pair

(g (Mig1, 8501 (D) d (mys1, 71 (D)))

represents the offer made by the buyer, but this offer is only accepted if it meets the seller’s
participation constraint under perfect foresight. Thus we define g;+1 = ¢ (m,_H s 0r 1 (T), ¢t+1)
to be the realized trade, where

i = { q (M1, 8¢, () if ¢ (qUnesr, ¢F,, () < dmy, §f (D)1
0 else.

Then the corresponding equilibrium supply of specialized goods is given by

N
arvr = n (v b1 ADF @)}, ) @ (m (02 8511 (D) 9511 (D r41) ©)
=1

This expression for trade in the DM takes into account the possibility that the offers of some
types of buyers may not be accepted by sellers. We are now ready to define a heterogeneous
expectations equilibrium.

Definition 2. A heterogeneous expectations equilibrium are the sequences {g;, ¢;, n;(r)} satis-
fying (7)—(9).

3. Monetary equilibria

The Rocheteau and Wright (2005) and Lagos and Rocheteau (2005) models already have
heterogeneous agents in the form of ex-ante buyers and sellers. Our imposed belief structure
introduces heterogeneity within buyers and potentially between buyers and sellers. Notice that,
under the maintained assumptions, the money market equilibrium (and so equilibrium ¢;) only
depends on the expectations of the buyers since they are the ones who will choose to hold money
in the centralized market. On the other hand, the equilibrium quantity of DM good produced
depends, in part, on the expectations of sellers.

the beginning of the following period when predictors are selected by buyers. These behavioral assumptions follow the
anticipated utility approach emphasized by Sargent (1999) who adapted the concept from Kreps (1998).
14 This is reminiscent of the temporary general equilibrium theory of Grandmont (1977).
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3.1. Parameterizing expectations

The remainder of the paper focuses on the implications of heterogeneous beliefs for the equi-
librium dynamics. It is convenient now to make a specific assumption about the set of predictors
available to buyers. As a simple example, we assume that buyers form their forecasts from an
adaptive learning rule that specifies any deviations from the monetary steady state as mean revert-
ing. In particular, we assume that agents perceive the price process to be given by the perceived
law of motion:

¢ = +0(d—1—P). (10)

We restrict 0 € [0, 1]. This adaptive learning rule is well-specified as it nests the monetary steady
state and is able to capture deviations from steady state along a dynamic equilibrium path.'>
Buyers form forecasts by projecting this forecasting model given the observed values for ¢.
Buyers forecasts, made after the close of the time ¢+ — 1 CM, are given by

¢ =f(P-1) = +0(d—1 — §) (11)
Gl =0l (Br—1) =P+ 0% (i1 — ). (12)

Notice that ¢/, (¢) = ¢ which implies that the adaptive predictor fixes the steady-state equilib-
rium.

A brief remark about this adaptive predictor. The forecasting rule (10) is consistent with
a Bayesian learning rule in a stochastic environment for appropriate priors on the underlying
stochastic process (see Ljungqvist and Sargent, 2004).'® The present environment, though, is
non-stochastic and so it is not natural to have agents econometrically estimate the parameters of
their model.'” Thus, the forecast rule (10) is in the spirit of adaptive learning rules where agents
know the steady-state value of ¢ but are uncertain about the transition path. The assumption
that beliefs are mean-reverting is not innocuous as it will be seen that the qualitative nature of
equilibrium dynamics depends, in part, on 6.

The remainder of the paper makes the following simplifying functional assumptions. We

assume that c(g) = ¢ and that u = W, o > 0.'® In order to highlight the role of be-

liefs, the subsequent analysis sets o = 1, shutting down the search friction. Thus, when positive
rejection rates arise, i.e. partial acceptability of money, it is clear that the endogenous role het-
erogeneous beliefs play in magnifying search frictions.

15 There is considerable empirical evidence that subjects in “learning to forecast” experiments make use of simple rules
along the lines of (10): see Hommes (2013).

16 Alternatively, one could assume that ¢ is not known and reinterpret (11) as an AR(1) econometric model for price
with ¢, 0 estimated recursively in real-time. Baranowski (2015) considers the case where buyers and sellers generate
forecasts from a recursively estimated model of the form (11) and finds that the monetary steady state is locally stable
under this alternative learning rule.

17 Additionally, if agents were try to econometrically estimate the slope coefficient in an AR(1) model in a non-
stochastic environment they would suffer from an extreme multicollinearity problem.

18 Taking u to be CRRA can be problematic because utility is not defined at zero. This issue arises in case there is a
non-zero search friction or if heterogeneity of beliefs leads to a match where no trade occurs. The nature of equilibrium
dynamics in search models are sensitive to the value of b. Throughout, we choose values of b so that the only stable
perfect foresight equilibrium in the limit is the steady-state. That is, to consider model parameterizations that do not lead
to stable periodic and complicated dynamics under rational expectations.
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Fig. 2. Effects of uncertainty in steady state.

3.2. Steady-state properties

In Section 4, we study the dynamic properties of the model with Bayesian offers. In that
section, we consider the case in which buyers’ subjective distribution over sellers’ beliefs ¢° is
distributed N (¢?, ), where ¥ parameterizes buyer uncertainty over sellers’ participation con-
straint. The baseline analysis allows adaptive agents to learn about the mean of the distribution,
i.e. they update ¢, but treat ¥ as a fixed belief parameter. We take this to be the baseline case for
two reasons: first, we are interested in how uncertainty affects monetary equilibria; second, for
technical convenience.'” In the baseline version of the model, though, adaptive buyers no longer
make the same offer as buyers with perfect foresight, which leads to different steady-state impli-
cations for the model. As a means of providing intuition for the results that follow in Section 4,
this section examines the comparative static effects of uncertainty on the steady state.

Fig. 2 plots the comparative statics of a change in uncertainty, measured by the variance
parameter . To generate this figure, we set M = .1, § = .5, and y = 0.75. We normalize the
cost to the adaptive predictor to zero, and set the cost of the rational predictor to C = 1, implying
a steady-state fraction of rational agents n ~ .32. The left-most plot computes the steady-state
CM price ¢ as a function of X under three different specifications for the curvature of the utility
function o = 3.5,4.5,5.5. The middle and right plots compute the money holdings and DM
offers separated by agent-type (i.e. adaptive or rational) when o = 4.5.

A higher degree of uncertainty, provided that the level of uncertainty is not too great, leads to
a higher steady-state price. Moreover, when there is more curvature in the DM utility function
(higher «) the effect of uncertainty on price is more pronounced. Thus, uncertainty leads to
something analogous to an “uncertainty premium” in the price of money. What accounts for
the effect on steady-state price? The middle and right-most panels provide the intuition. For the
model parameterization generating Fig. 2, the steady-state fraction of adaptive agents is 0.68 and,
according to the figure, these agents hold more money in exchange for a lower quantity than the
rational agents. Moreover, for sufficiently low levels of uncertainty, the comparative static effect
of an increase in uncertainty is, as expected, to increase money holdings in exchange for a lower
quantity. These two effects are equivalent to a shift in the money-demand function for adaptive
agents, which leads to the higher price in the figure — the uncertainty premium. Unlike the typical
search friction, these agents do not hold more money balances as a way to self-insure against an
idiosyncratic liquidity shock. They hold more money as insurance against the acceptance shock

19 We do show, however, that many of the qualitative results are robust to an extension where adaptive agents also
update X in real-time as the conditional variance of ¢;, as in Branch and Evans (2011). In the latter case, when buyers
learn about the first and second moments of the CM price process, the dynamic system with heterogeneous beliefs has
the same steady-state as the model with rational expectations since in a steady state agents learn that ¥ = 0.
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that arises when the buyer makes an offer that the seller rejects. Interestingly, in the right-most
plot of Fig. 2, the rational agents continue to make the same steady-state offer as if they were
in the rational expectations equilibrium: an increase in steady-state ¢ leads to a proportional
decrease in money holdings by rational agents. This implies that aggregate DM consumption
is lower in the steady-state with heterogeneous buyers who make Bayesian offers than in the
rational expectations equilibrium.

In the baseline parameterizations of the model, a higher degree of uncertainty, in equilibrium,
leads to more cautious offers. The intuition underlying that Bayesian offers leads to, all else
equal, a lower offer is that for fixed uncertainty X, a higher offer is more likely to be rejected and
a risk-averse buyer will make offers that take the acceptance probability into account. However,
the logic is subtle as higher uncertainty could also lead buyers to gamble and make a higher offer
if the resulting surplus is sufficiently high to compensate the buyer for the possibility the offer is
rejected by the seller. The Online Appendix provides greater details through a simple illustration
that demonstrates the complex trade-offs at play when beliefs change.

3.3. Dynamic monetary equilibria

We now turn to the dynamic implications of our model. We begin by adopting the take-it-or-
leave-it protocol with dogmatic prior beliefs about seller’s beliefs in order to maintain tractability,
provide a set of analytic stability results, and provide intuition for the main results that follow.
The focus of this section is to identify the attracting—repelling dynamics that are at the heart of
the main results that follow in Sections 4 and 5. We note that even though this section assumes
buyer-takes-all bargaining, all qualitative stability results are robust to Bayesian offers and Nash
bargaining.”’

3.3.1. Baseline case: homogeneous expectations

As a baseline, this section assumes homogeneous expectations across buyers: we shut down
the predictor dynamics. With homogeneous buyers’ beliefs, the buyer’s money demand is given
by

1—a
«

_1
m (¢ dfn)) = Bedy * (9611) (13)

Since perfect foresight and adaptive learning forecast the same price in steady state, the monetary
steady state in both cases is computed as the solution to m (¢, ¢) = M, which yields ¢ = Sz M.

Under perfect foresight, buyers perfectly predict future prices, i.e. ¢; | = ¢r+1. Setting de-
mand equal to M and solving, we get a univariate dynamic system that determines equilibrium
price paths:

1
—

$=BTTMT G0 = f(§_1). (14)

Evaluated at the steady state, the derivative of the right-hand-side is ﬁ

20 1n other search environments, the bargaining protocol can make a difference for the existence of periodic and ape-
riodic dynamics. For example, in a search model with imperfectly enforced credit contracts, Gu et al. (2013) show that
periodic and complicated dynamics can arise under Nash bargaining or competitive pricing but not under buyer-takes-all
or proportional bargaining. In our model, it is the attracting—repelling dynamics of beliefs that lead to complex dynamics
and these forces are present under all of the commonly employed bargaining protocols.
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Under adaptive learning, equilibrium dynamics are derived by inserting (11) into money de-
mand (13) and imposing market clearing. We obtain

b=t (G400 -D) =@, (15)

Notice that ¢ is still a steady state of the system.”! Differentiating, we get
fp(@,0) = (1 —)6?,
which implies that for 6 € (0, 1], the steady state is dynamically stable provided that

1462
92

O<a< = o.

At o = «a,, the steady state destabilizes as the system’s eigenvalue crosses negative one.
The following result is an immediate consequence.

Proposition 3. Under perfect foresight or adaptive learning, there exists two steady-state equi-
libria, an autarky steady state where ¢ = 0 and a monetary steady state with ¢ = B1/*M~1.

1. Perfect foresight. When 0 < o < 2, the monetary steady state is locally determinate and
the autarkic steady state is locally indeterminate. When o > 2, the monetary steady state is
locally indeterminate and the autarkic steady state is locally determinate.

2. Adaptive learning. There exists a, = (1 + 92) /02 such that, for 0 < o < a, the monetary
steady state is locally stable, and for o > a. the monetary steady state is unstable.

For o < 2, the monetary steady state is determinate and there is a (locally) unique perfect fore-
sight equilibrium given by ¢, = ¢. Because it is determinate, the steady state is also dynamically
unstable (under perfect foresight) with price paths starting near, but not equal to ¢ that will, at
least initially, move away from the steady state. On the other hand, for « > 2, the steady state is
indeterminate implying that there are, locally, many perfect foresight equilibria: there is an open
set U of the steady state so that for any open set ¢ € V C U and any initial condition ¢ € V,
the associated equilibrium price path stays in U (and even converges to ¢). Indeed, because it is
indeterminate, the steady state is dynamically stable.

Intuitively, indeterminacy and, hence, a dynamically stable perfect foresight steady-state mon-
etary equilibrium, arises when there is strong expectational feedback. All values of « in our
model correspond to negative expectational feedback: agents want to smooth DM-good con-
sumption, and an expected price increase reduces the required money holdings needed to finance
trade in the DM, i.e. the liquidity property of money increases so that buyers do not need to carry
high money balances. Larger values of « induce stronger feedback and if & > 2 then this negative
feedback is sufficiently strong to generate indeterminacy.

When o < 2, the perfect-foresight steady state is locally unique; however there may be equi-
librium paths which remain relatively near the steady state. The assessment of these paths can
be achieved using bifurcation analysis. As a dynamic system, the steady state destabilizes when
a crosses the critical value 2 from above. Since f’(¢) = —1 when « = 2, a flip (or, period dou-
bling) bifurcation is suggested, but the system does not meet the regularity conditions needed to

21 Depending on the calibration, there may be other steady states; we neglect these as there attainment would require
not only systematic forecast errors, but precisely the same error, every period.
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identify this primary bifurcation.”” Numerical analysis suggests that for o < 2, all non-steady
state perfect foresight paths are globally as well as locally explosive.

Other parameterizations of the model can produce period-doubling bifurcations. For example,
Nosal and Rocheteau (2011, Chap. 4) is identical to the perfect foresight version of the model
under consideration here, and they show the existence of 2-cycles with o > 2 and the coefficient b
in the utility function is sufficiently positive. Lagos and Wright (2003) demonstrate the possibility
of periodic and aperiodic cycles in the version with Nash bargaining.

Comparing the regions of dynamic stability associated to perfect foresight and adaptive learn-
ing yields a nice example of an important phenomenon in the adaptive learning literature: stability
reversal. Intuitively, perfect foresight requires forward-looking behavior and adaptive forecasting
relies on backward-looking behavior. Therefore, forward stability indicates backwards instabil-
ity, and vice-versa. As a precise and extreme case, consider 6§ = 1, so that agents have naive
expectations: ¢y, | = ¢—1. In this case the adaptive model is dynamically stable when o < 2,
which is the complement of the stability region for the perfect foresight model. The possibil-
ity of stability reversal plays a prominent role in explaining the dynamic behavior associated
to the model with heterogeneous expectations: the tension between stability and instability cre-
ates regimes that alternate between attraction and repulsion, and in the process, create complex
dynamics.

Corollary 4. Under adaptive learning, with 6 < 1, as «a crosses o, from below, there is a flip
bifurcation and there exists a locally unique cycle of period two.

This corollary provides a nice first example of new, complex dynamics induced by expec-
tations heterogeneity, even with expectations homogeneity among buyers. When buyers hold
perfect-foresight beliefs and o < 2 so that the monetary steady state is dynamically unstable,
there are no additional non-explosive equilibrium paths. In contrast, when buyers have adaptive
expectations and when o, < o < «, + ¢ for some ¢ > 0, so that the monetary steady state is dy-
namically unstable, there is an additional non-explosive equilibrium path which is characterized
as a two-cycle in prices.

3.3.2. Heterogeneous expectations

In the previous section, we observed that for « > o, = 1;29 ’ , the adaptive price path does not
converge to the steady state; on the other hand, since for all 6 € (0, 1], a. > 2, it follows that when
a > a, the perfect foresight price path does converge to steady state. This dichotomy suggests a
role for predictor selection in generating dynamics. The intuition is as follows: assume o > o,
and that most agents have perfect foresight. Then the steady state is dynamically stable, and the
price path converges toward it. Assume also that it is costly to formulate perfect foresight. As
¢ approaches ¢, the less costly adaptive predictor forecasts nearly as well as the costly rational
predictor, and so an increasing proportion of agents begin using it; when this proportion is high
enough, the steady state becomes unstable, and the price path is driven away from ¢. But, far
from ¢, the rational predictor has strong advantages over the adaptive predictor — strong enough
to overcome its higher cost. More and more agents switch to the rational predictor, which ulti-

mately stabilizes the steady state, and the process starts over. This section combines analytic and

2 1t — f(¢, ) captures the dynamics (14) then a generic flip bifurcation requires 1/2 f g(p + 1/3fppe # 0, which
fails in our model.



806 W. Branch, B. McGough / Journal of Economic Theory 163 (2016) 786818

numerical analysis to demonstrate that these attractor-repellor dynamics exist in the monetary
search model with heterogeneous beliefs.

Normalizing the cost of adaptive beliefs to zero, denoting the cost of the rational predictor
by C, and letting n; be the proportion of buyers choosing the rational predictor at time ¢, we
have

e Ve

ny=n(P;—1,$1—2) = (16)

orC 4 G2
where ¢; | (¢;-2) = ¢ + 0(¢;_2 — ) is the most recent one-period ahead adaptive forecast.
Market clearing is given by

(i1, Pr—2)m(dr, Pr+1) + (1 — n(pr—1, $r—2))m (¢, ¢f+1 (Pe-1)) =M,

where m is money demand. Using the functional form for demand given by (13), and solving
for ¢;+1, we obtain the following dynamic system:

Gr+1=8(Pr, Pr—1, Pr—2), (17)

where

= a
8(¢r, b1, $r-2) = 'Bﬁqjtlia”(fpt—l, hr—2)eT
x M —[1=n (g1, p1—2) | m(¢y, ¢f+1(¢1_1))}ﬁ )

The monetary search model with heterogeneous expectations is a 3rd-order non-linear difference
equation, and the types of stationary and non-stationary equilibria can be studied in the usual
way. As expected, ¢ is a fixed point of this system. Moreover, in a stationary equilibrium, 77 =
e_VC(e_VC + 1)_1. The relative cost of rational expectations, C, and the intensity of choice, y,
control the steady state fraction of rational agents. Larger values of y lead to a lower steady-state
fraction of rational agents. Thus, we expect that the dynamic stability of monetary equilibria will
depend on y, making it a natural bifurcation parameter.

In the special cases of steady-state or naive expectations, i.e. =0 and 8 = 1, respectively,
we are able to provide a precise analytic steady-state stability result.

Proposition 5. Consider the model (16)—(17) with perfect foresight and adaptive beliefs.

1. When agents dynamically choose between perfect foresight and steady-state expectations,
ie.0=0, Iy, = w > 0 such that the monetary steady state is locally stable if and
only if y < y.. Moreover, as y crosses y. from below there is a flip bifurcation and a locally
unique stable two-cycle emerges.

2. When agents dynamically choose between perfect foresight and naive expectations (i.e.
6 = 1), the monetary steady state is locally unstable.

Consider the first part of Proposition 5. Intuitively, low values of y impart two-fold stabilizing
effects: first, even in steady state, there is still a large proportion of stabilizing rational agents —
n =1/2 when y = 0 — and, second, small y implies a moderate intensity to switch predictors
even though, net of the cost, the adaptive predictor performs better. Below y,, then, the monetary
steady state is locally stable. As y crosses y. from below, the intensity of choice is higher and
buyers will react more strongly in switching to the better performing forecasting model and
this can destabilize the steady state. Similarly, the strong switching intensity implies that as the
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Fig. 3. Bifurcation diagram: 6 = .2.

economy moves further from the steady state, buyers are quick to switch predictors again. These
repelling and attracting forces, that arise with a high intensity of choice y, can lead to complex
dynamics. Although the second part of Proposition 5 establishes that the steady-state is locally
unstable when 6 = 1, numerical analysis confirms that, provided « > 2, the repelling—attracting
forces also produce bounded global dynamics.”

We briefly demonstrate through numerical analysis the range of complex dynamics that arise
from these key attracting—repelling forces. Fig. 3 plots the bifurcation diagram where the inten-
sity of choice y is the bifurcation parameter. Here, we continue with the benchmark parameter-
ization: M = .1, 8 =.5, C =1, = 4.5, and now set & = 0.2. Notice that for all values of y,
the equilibrium price path remains bounded around the steady-state monetary equilibrium, and
as y — which controls the strength of the attracting—repelling dynamics — varies, the dynamics
shift between periodic and more complicated patterns. Two such attractors are plotted in Fig. 4.

The primary bifurcation in Fig. 3 appears to be a flip (period-doubling) bifurcation. Recall
that for 6 = 0, the primary bifurcation is a flip and so we would expect to see a flip bifurcation
for small positive 6. This appears to indeed be the case: setting « = 4.5 and 6 = .2 (and holding
M = .1, §=.5and C = 1) we may compute that

ye = 21og(2) + log(5) — log(7) =~ 1.05.

As in the steady-state beliefs case, for y < y, the steady-state equilibrium is stable; at y, one
of the non-zero eigenvalues crosses the unit circle at —1, which destabilizes the steady state
consistent with a flip bifurcation.”* Larger values of 6, though, can lead to other types of pri-
mary bifurcations. For instance, the Online Appendix demonstrates that for 8 = 1/2, complex
eigenvalues suggest a Neimark—Sacker primary bifurcation.

23 When o < 2, the rational model is determinate, and thus dynamically unstable. As the economy moves further from
steady-state buyers switch to the rational predictor which drives the economy even further from steady-state. This case is
anticipated by the non-linear dynamics in monetary search models with perfect foresight. In these models, large values
of « yield a non-monotonic dynamic map: see Nosal and Rocheteau (2011).

A precise characterization again requires an intractable center manifold reduction.
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4. Implications for welfare

The main focus of this section is the welfare implications of Bayesian offers and buyer uncer-
tainty. When buyers’ beliefs are distributed across heterogeneous forecasting models they will
exit the centralized market with different expectations and, hence, nominal money balances. Un-
der the buyer-takes-all bargaining arrangement, heterogeneous buyers will make different offers
for two distinct reasons: they have different expectations about the value of money and they carry
distinct money balances. Thus, heterogeneity affects the intensive margin of trade. Once matched
with a seller (who has perfect foresight), there will be a fraction of the matches that occur be-
tween buyers and sellers with different beliefs. When the buyer makes a take-it-or-leave-it offer
there is the possibility, depending on the dispersion of beliefs, that the seller will reject the of-
fer. Thus, the heterogeneous belief friction can lead to an extensive margin of trade through the
endogenous partial acceptability of money that magnifies search frictions. These frictions only
matter along a dynamic equilibrium path as we have restricted all buyers and sellers to have the
same beliefs within a steady-state monetary equilibrium. However, the possibility that a seller
may not accept the buyer’s offer, motivates buyers to alter their take-it-or-leave it offer by taking
into account their subjective acceptance probability: this was the main insight of the previous
discussion on Bayesian offers.”

In this section, we study in greater detail how heterogeneity impacts the nature of trade and
the welfare properties of monetary equilibria. The focus here is on Bayesian offers where buyers
learn about the CM price of money by endogenously selecting between perfect foresight, with a
cost C =1, and a costless adaptive predictor. Those buyers who forecast with the adaptive pre-
dictor have imperfect knowledge about the seller’s participation constraint and so, when making
a take-it-or-leave-it offer to firms, they place a subjective prior on sellers’ beliefs that is normally
distributed, centered on the buyer’s belief with a variance X. By explicitly modeling the sub-
jective acceptance probability, buyer’s make cautious offers with higher money in payments in
exchange for lower quantities of the good, all else equal.

In the analysis that follows, we treat X, the subjective uncertainty about sellers’ beliefs, as a
bifurcating parameter. In a sense, buyers are assumed to update the first moment of their subjec-

25 The Online Appendix presents additional results on the welfare properties of dynamic equilibria when buyers have
dogmatic beliefs.
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Fig. 5. Welfare: y =0.75,0 =0.2.
tive priors while remaining dogmatic about the second moment.”® We consider the comparative
effect of different values for X across a range of parameterizations.

The previous section demonstrates that heterogeneous beliefs can lead to cycling and ape-
riodic fluctuations around a monetary steady-state. In principle, price fluctuations can ease
and tighten liquidity constraints and, therefore, impact the welfare of monetary equilibria.
We study this issue in this section by computing welfare along a dynamic monetary equi-
librium path with heterogeneous beliefs and by studying the different behavior depending on
expectations-type. We measure welfare as the average (over time) realized surplus in the DM:
e W=r"! Zthont [u(qtR) — c(qtR)] + (1 —ny) [u(th) — c(q,A)], where qR, qA are rational
and adaptive buyer bargaining outcomes, respectively, and T is large. Throughout, the point of
comparison is W relative to the average steady-state welfare in a rational expectations equilib-
rium. In the analysis that follows, we fix the intensity of choice parameter and study the properties
of the equilibrium paths for varying degrees of uncertainty X.

Figs. 5-6 plot the results when y = 0.75, and the remaining parameters are fixed at their
benchmark values. This parameterization implies the existence of a stable two-cycle when
o = 4.5 and a stable steady state when o = 5.5 in the dogmatic priors case. For low values
of ¥ the two-cycle remains stable, however, as ¥ rises, the system bifurcates with potentially
large welfare effects. Fig. 5 plots the welfare as a function of uncertainty, X, for the two different
values of «. The key distinction between the two plots is the left plot features a stable two-cycle
for small values of ¥, whereas the steady-state is stable on the right. Welfare remains bounded
below the value in the rational expectations equilibrium in both cases. A moderate value for un-
certainty X brings welfare close to the REE value. In the left plot, there is a discrete jump in
welfare at ¥ ~ (.30, as will be seen below, this accords with a bifurcation in the acceptance
rate: for values of .3 < ¥ < .6 the acceptance rate is 1. Then conditional on an acceptance rate
of 1, welfare is decreasing in uncertainty in both the left and right plots. As we see below, this
is because higher values of uncertainty have no effect on the extensive margin (acceptance rate),
but push down the offers made by buyers. This has a negative impact on welfare.

Fig. 6 plots the values of the state variables as a function of uncertainty in order to provide
insights into the results illustrated in the left plot of Fig. 5. For small values of X, there is a stable
two cycle, with the price ¢, alternating between high and low values around the steady-state.
Accordingly, for sufficiently small uncertainty, i.e. £ < .30, the acceptance rate also follows a

26 See the Online Appendix for an extension where buyers update both first and second moments.



810 W. Branch, B. McGough / Journal of Economic Theory 163 (2016) 786818

0.56 F; ‘ ‘ ‘ ‘ ‘ — 0.70 ‘ ‘ ‘ : : —
0.54F ! 0.60F 3
5 053 1+ 055} E
0.52f ] 0.50F —
0.51F B 0.45°L £
0.50 : 040f ]
00 01 02 03 04 05 06 00 01 02 03 04 05 06
by z
10F ' ' ' ' ' et 1.0F - - r : : :
8f P 08} \/Q<
e .~
6 1 fos6f ]
he 3
4t K<:, < 04f 1
2f ] 0.2f ]
ok s s s s s - 0.0E s s s s s o
00 01 02 03 04 05 06 00 01 02 03 04 05 06
s s
0.120F e =
0.115F /% o-10¢ ===
, o110p 1. 009f ]
€ 0.105F 1 E
0.100F 4 0.08r ]
0.095¢ 1 007} :
00 01 02 03 04 05 06 00 01 02 03 04 05 06
z z

Fig. 6. Heterogeneous beliefs and acceptance rates: « =4.5, y =0.75,0 =0.2.

two-cycle alternating between an acceptance rate of 1 and approximately 0.4. Higher uncertainty
leads adaptive buyers to make offers with more money for lower quantities of the DM good, and
the lower consumption in the DM by the adaptive learning buyers, all else equal, would lead
to lower welfare. Higher uncertainty, though, has effects beyond the continuous adjustment of
offers by leading to discrete changes in the acceptance rate. For example, at ¥ = (.3, the offers
and money holdings by adaptive buyers crosses a threshold where now all offers are accepted
by sellers. Meanwhile, the rational agents alternate between higher and lower consumption as
variations in ¢, relax and tighten liquidity constraints. Interestingly, adaptive buyers’ offers do
not fluctuate as widely with variations in price compared to the rational buyers. This is because
the uncertainty inherent to the Bayesian take-it-or-leave-it offers makes the offer less sensitive to
variations in the price.

The acceptance rates plotted in Fig. 6 provide useful insights into the role uncertainty plays
in the welfare properties of monetary equilibria with heterogeneous beliefs. The degree of uncer-
tainty about sellers’ beliefs is a bifurcation parameter that affects the nature of the equilibrium
dynamics. Conditional on a particular qualitative equilibrium path — that is, hold the dimension of
the cycle fixed — higher values of X increase the average acceptance rate until the acceptance rate
becomes 1 in all periods. For these values of ¥, more uncertainty is welfare improving. Then,
still holding the cycle-dimension fixed, subsequent increases in uncertainty are welfare decreas-
ing since there is no impact on the extensive margin, but the caution induced by the Bayesian
offers reduces welfare. There is then some critical value of X that then bifurcates the system
increasing the cycle dimension by two, which again leads to volatility in the acceptance rate.
Then the effect of uncertainty on welfare repeats, holding the dimension of the cycle fixed at the
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new higher value. Thus, the effect of uncertainty on welfare is a complicated balancing of three
forces:

1. uncertainty tends to lead to more cautious offers (lower welfare);

2. uncertainty tends to increase the acceptance rate (higher welfare);

3. small changes in uncertainty can bifurcate the equilibrium and, therefore, can impart sharp
decreases in the mean acceptance rate, and hence welfare.

The first two forces impact welfare through the continuous adjustments in offer characteristics
as uncertainty X is changed. While the third force arises from discrete changes caused by the
bifurcations. An alternative parameterization is provided in the Online Appendix. The previous
section demonstrated that for other values of the intensity of choice y the equilibrium can exhibit
complex dynamics and strange attractors. We also examined the case where y = 1.3, a value
that in the dogmatic case featured complex dynamics and plots the welfare again as a function
of uncertainty X. Here we briefly describe the welfare implications of strange attractors. For
a = 4.5, uncertainty has a non-monotonic effect on welfare as small changes in ¥ frequently
bifurcate the strange attractors altering the nature of the complex dynamics. The same behavioral
patterns emerge as the previous figures, except now there can be substantially more variation in
acceptance rates for a broad range of uncertainty parameters. In particular, high values of X lead
to substantial variation in the CM price ¢, and, correspondingly, consumption for the rational
agents that at times approach the efficient level of output in the DM.

In this simple example of two types, with all sellers having perfect foresight, it may seem
obvious that buyers will learn the sellers’ acceptance rule. However, in a richer setting there
will be many different classes of buyers and sellers, each differing by their forecasting rule. Each
buyer of a certain type will only learn about a particular seller-type’s acceptance rule after enough
matches have taken place. It is reasonable to expect then that such a learning process would be
slow and that the demonstrated dynamics could persist for finite, and possibly long, stretches of
time.”’

5. Implications for experimental evidence

Besides being of theoretical interest, the results presented above can provide a means to in-
terpret key experimental findings in Duffy and Puzzello (2014). In particular, the results from a
Lagos—Wright laboratory experiment in Duffy and Puzzello (2014) include the following:

1. Over 95% of bilateral trades involve fiat money.

2. Approximately 40-60% of all buyer offers are rejected by sellers.

3. The likelihood that a buyer’s offer will be accepted decreases as the quantity of the good
requested increases.

4. There is a non-degenerate distribution of money holdings at the end of centralized market
rounds despite the fact that subjects rebalance their portfolios in the centralized market.

These experimental results provide support in favor of monetary equilibria but cannot be com-
pletely explained by the benchmark Lagos—Wright model. This section explores one possible

27 We leave such a learning model to future research.
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Fig. 7. Acceptance rates and prices in model (left) and experimental data (right).
Experimental data from Duffy—Puzzello.

avenue to account for the experimental findings: the Lagos—Wright model extended to include
heterogeneous beliefs. On the surface, the model can explain the low acceptance rate via the
extensive margin of trade that arises from trade between buyers and sellers with heterogeneous
beliefs. Furthermore, it was demonstrated that as buyer’s perceived value of money and/or belief
uncertainty is higher than seller’s then (1.) the quantity traded decreases (intensive margin) and
(2.) the seller may reject some offers (extensive margin). We also showed that when beliefs are
heterogeneous across buyers, then there is a non-degenerate distribution of money holdings at
the end of each centralized market meeting. Importantly, it is along a non-stationary dynamic
equilibrium path in which the model is consistent with the experimental findings. The results in
Section 3 characterize how heterogeneous beliefs can destabilize the perfect foresight steady-
state and give rise to non-stationary paths.

Monetary theory has proposed a variety of extensions to the benchmark Lagos—Wright model
that can explain many of these findings. The model with heterogeneous beliefs, however, makes
distinct theoretical predictions that can be verified in experimental data. In particular, because
the distribution of heterogeneity is an endogenous and time-varying object this implies that the
partial acceptability of money is also endogenous and time-varying. The nature of heterogeneous
beliefs depends on the equilibrium CM price process, among other structural features of the
model, and so the model, moreover, predicts a very particular non-linear relationship between
the acceptance rate and the CM money price. This relationship is plotted in the left panel of
Fig. 7.

The left panel of Fig. 7 scatters acceptance rates and CM prices across simulations when
y =0.75 and 0 < ¥ < 1.2, these cases have steady-state CM prices of approximately 5. In
order to illustrate the general features of the model, the figure illustrates the relationship between
acceptance rates and CM price across equilibria. Though, the same relationship also arises along
a particular equilibrium path especially along a strange attractor.
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There are two striking features in the left panel of Fig. 7.

1. When the CM price ¢ is above its steady-state value then the acceptance rate is always equal
to 1.

2. When the CM price ¢ is below its steady-state value then there is a non-linear relationship
between the acceptance rate and ¢.

The adaptive forecasting model always forecasts price to revert back to its steady-state value,
thus when ¢ is above steady-state seller beliefs about the value of money will be greater than
buyers, regardless of X: the sellers accept buyers’ offers. The further the price is from steady-
state, the higher the acceptance rate. This second result is intuitive as price is further away from
steady-state the fraction of buyers that are rational is higher, there is less heterogeneity, and so the
acceptance rate is higher. However, close to, but below the steady-state, the fraction of adaptive
learning agents is higher as the benefits to the perfect foresight predictor are outweighed by the
costs, and now the sellers’ beliefs about the value of money are lower than buyers. Thus, we find
lower acceptance rates.

We now check for evidence of this theoretical channel in the Duffy and Puzzello (2014) exper-
imental data.”® The right panel of Fig. 7 plots the relationship in acceptance rates and prices in the
Duffy and Puzzello (2014) experimental data. To generate this figure we took the data from all
of the experimental treatments in Duffy and Puzzello (2014) and calculated the acceptance rate
in each period of the experiments. In their parameterization, the steady-state CM price is 2, the
number of periods in the experiment varied from 29 to 48. Their framework is exactly the bench-
mark Lagos—Wright model with buyer take-it-or-leave-it offers. In the right panel of Fig. 7, there
is the same general relationship between acceptance rates and the CM price of money. Except
for a few outliers, when price is above steady-state the acceptance rate is 1. In periods where the
price is below 2, there is a negative relationship between the price and the acceptance rate, with
very low prices having an acceptance rate of 1. Thus, the experimental data has the same general
features of a non-monotonic relationship between the acceptance rates and prices as predicted by
the model with heterogeneous beliefs.

The results in this paper are also complementary to recent experimental findings reported in
Berentsen et al. (2014). Berentsen et al. (2014) conduct related experiments in the laboratory but
where there is uncertainty, and possibly private information, about the CM value of the assets.
They find that uncertainty greatly decreases the extensive margin, in take-it-or-leave-it offers
made by buyers, when there are information frictions and no search frictions. In their paper, the
unexpectedly low acceptance rates are attributed to fairness considerations in bargaining. The
results in this paper are complementary to their findings, especially the results when experimental
subjects are symmetrically uninformed about the CM value of the asset. However, we offer a
different interpretation. In the present paper, agents hold different beliefs, arising from different
forecasting models, about the value of the asset and the distribution of agents across predictors is
endogenous. We find, like Berentsen et al. (2014) that informational frictions can lead to trading
inefficiencies, along both the intensive and extensive margins, even when the search friction is
shut down. Unlike fairness explanations, we also document a non-linear relationship between
the acceptance rate and the CM price, with the distance from the steady-state being an important
predictor of acceptance rates.

28 We are grateful to John Duffy for sharing the data that facilitated this analysis.
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Fig. 8. Seller surplus and prices in model (left) and experimental data (right).

Another distinguishing implication of our framework is that sellers who accept Bayesian of-
fers will realize a surplus that results from the cautious offers induced by a buyer’s uncertainty
about the seller’s acceptance rule. The model predicts a non-linear relationship between that sur-
plus and the distance the economy is from steady-state. In the model with heterogeneous beliefs,
the seller will receive a surplus from the mistaken beliefs by adaptive buyers about the seller’s
incentive compatibility constraint. When CM prices are higher, the buyer underestimates the
seller’s value of money and, as a result, sellers realize a surplus. The left panel of Fig. 8 plots
the realized seller surplus across simulations, where y is fixed at 0.75 and uncertainty X varies.
This figure demonstrates a strong positive relationship between realized seller surplus when CM
prices are above steady-state.

The right panel of Fig. 8 confirms this implication in the experimental data. To generate this
figure, we compute realized seller surplus across all experimental treatments. It is evident from
this figure that for CM prices below steady-state there is not a strong relationship between seller
surplus and CM price. However, for prices above steady-state, there is a strong positive rela-
tionship. One would not expect to see this non-linear relationship between seller surplus and
CM prices, and the non-monotonic relationship between acceptance rates and seller surplus, in
alternative explanations for the anomalous experimental findings.

6. Conclusion

Monetary economics seeks theories that adhere to the “Wallace dictum” that the use of fiat
money should arise as an equilibrium phenomenon from the physical environment, preferences,
technologies, and other fundamental factors. Monetary search theory gives a role to money be-
cause of search and bargaining frictions in bilateral, or over-the-counter, markets where limited
commitment or incomplete record keeping preclude credit arrangements between buyers and
sellers. Search models for money feature multiple stationary equilibria and so which equilib-
rium is actually realized depends on agents’ beliefs. This paper focuses on beliefs as another
fundamental in monetary search models and introduces heterogeneous beliefs by relaxing the
(strong) requirement that all buyers in decentralized markets must hold rational expectations.
We introduce heterogeneous beliefs by assuming that there are a fraction of agents who hold
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rational expectations (and must pay a computational cost for formulating RE) and the remaining
agents formulate expectations from an adaptive learning rule inspired by Evans and Honkapohja
(2001). The distribution of agents across these models is an endogenous object of the model so
that beliefs and prices are determined simultaneously in an equilibrium.

The primary contribution of this paper is to demonstrate how endogenously determined het-
erogeneous beliefs affect the existence, and dynamic properties, of monetary equilibria. These
dynamics yield distinct theoretical predictions that are consistent with the results from Lagos—
Wright laboratory experiments by Duffy and Puzzello (2014). The primary results are as follows.
Heterogeneous beliefs can alter the number and nature of monetary equilibria by destabilizing
the steady state and leading to a variety of periodic and aperiodic cycles, including complicated
dynamics, that remain bounded around the monetary equilibrium. Three key implications follow
from the non-linear dynamics induced by heterogeneous beliefs. First, welfare is reduced, rela-
tive to the rational expectations equilibrium: when buyers and sellers have heterogeneous beliefs,
the level of trade within a match may be too low or too high relative to the rational expectations
outcome. The reduced-welfare is partly the result of an endogenous extensive margin of trade,
a partial acceptability of money in some matches that magnifies search frictions. The partial
acceptability arises along a dynamic path when a buyer and seller with different expectations
about the value of money are matched, they may be unable to reach agreement on the terms of
trade. Second, buyers who are uncertain about their beliefs behave like a Bayesian by placing
a prior on a sellers’ participation constraint and, as a result, tend to make more cautious offers.
We identify three forces through which buyer uncertainty impacts welfare: (1.) uncertainty in-
duces cautious offers whereby the buyer offers a higher payment for a lower quantity; (2.) all
else equal, uncertainty increases the acceptance rate of offers made by buyers; (3.) small changes
in uncertainty can bifurcate the equilibrium and decrease the mean acceptance rate. Third, the
model with heterogeneous beliefs make unique testable implications about acceptance rates and
gains from trade that are consistent with experimental evidence.

Since the heterogeneous belief friction can introduce new inefficiencies into the economy,
a natural question is whether a monetary policy can be designed to implement the efficient equi-
librium for any specification of heterogeneous beliefs. In an extension to this paper, we consider
such a policy implemented via an interest on currency policy proposed by Friedman (1959), and
studied in Sargent and Wallace (1985) and Andolfatto (2010). In this paper steady state, the pol-
icy maker pays interest on money holdings, which can alternatively be interpreted as interest on
reserves. We consider two cases: first, a Friedman rule where an interest peg is designed to im-
plement the efficient outcome in a stationary equilibrium; second, an interest rate feedback rule,
similar in spirit to the Taylor rule that is a staple of monetary policy analysis in New Keynesian
models, that adjusts interest paid whenever inflation deviates from its efficient stationary value.
We show that the Friedman rule is not necessarily the optimal rule as implementing the efficient
outcome can be hindered by destabilizing heterogeneous beliefs. A Taylor-type rule, however,
can implement the efficient equilibrium, by stabilizing the steady state, and overcome the het-
erogeneous belief friction provided that policy reacts strongly when inflation is away from its
efficient stationary value. While a detailed analysis is beyond the scope of the present study, it
is worth briefly mentioning that the size of the reaction coefficient in the Taylor rule that can
implement stability of the efficient steady state depends on the details of the heterogeneous be-
liefs and, interestingly, on the uncertainty of buyers about sellers’ beliefs. A reaction coefficient
greater than one —i.e. a policy rule that satisfies the Taylor principle — is not a necessary condition
for stability, a result that differs from the standard policy advice in New Keynesian models. How-
ever, greater degrees of uncertainty in buyers’ Bayesian offers imply that the policy rule needs
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to react stronger to inflation innovations to stabilize the efficient steady state. The economic jus-
tification for a Taylor rule is different as well since the result does not depend on the presence
of nominal rigidities. These interesting policy implications are explored in greater detail in on
going research.

Appendix A

Proof of Proposition 1. The first order condition corresponding to the problem (5) is given by
u'(q) c(q)
LHS(q) =m™ 5 = (u(g) — ¢"m ) he (2 ) = RHS (). (18)
c'(q) m
Let gmin satisfy u(gmin) = ¢bm. Since g < gmin implies RHS(q) < 0 < LHS(q), there can
be no solution to (5) in the interval (0, gmin). Next, notice RHS(gmin) = 0 < LHS(gmin) and
RHS(q) — o0 as g — 00. Also, ¢ > gmin implies LHS'(¢) < 0 and RHS'(g) > 0. We conclude

that there is a unique solution to (18).
To show that this solution is a maximum, it suffices to show that

lim (u(q) - ¢bm> (1 —F. (@» —0,
q—> 0 m

which, by concavity of u, itself is implied by showing that lim; . g(1 — F¢(g)) = 0. By I'Ho-
pital’s rule, it suffices to show that lim,_, o q?dF.(q) = 0. Suppose to the contrary that this limit
is equal to M > 0. Then there is some § so that ¢ > ¢ implies g>d F(q) > % Thus

) 00 )
/ q*dFye(q) > /qzdFve(q) > f %dq = o0.
- q g
But this contradicts the existence of finite second moments. O
Proof of Corollary 4. For o > «., the steady state is dynamically unstable, and near «,, the
behavior of price paths may be determined by analyzing the nature of the associated bifurca-

tion. Because f is sufficiently smooth at ¢, and since fy(¢, ac) = —1, a flip bifurcation obtains
provided that

0 1/2fpp(@, 00)* + 1/3 fpp (. exc)
0% fpa (P, ac).
Straightforward computation yields 1/2 f4 (¢, otc)? + 1/3 fppp (0, @)

- —éﬂ (92+ 1) M

2 1 62 _9%_3
x |2(202+1) M (027 — (62— 1) p75i

~3(0%+ 1)ﬂﬁ‘3
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and f¢>a (¢, ac)

62 _(%2_2
;3(92,3& _(92—1)/3m>

0% +1
x [(02+ 1) ((92 - 1)/3% —92,3é> (92 ~log (9255 (02~ 1),351))
+ 02 (92— 1)ﬁ(5illog(ﬁ)]

For 6 = 1, we find that 1/2 f54 (¢, ac)>+1/3 Jooo (¢, o) = 0; and again, analogous to the perfect
foresight case, numerical analysis indicates that all non-steady state adaptive price paths are
explosive for « > «,; and otherwise, the conditions for a flip bifurcation are generically satisfied,
and so as « crosses o from below, the steady state destabilizes and the a two-cycle emerges. O

Proof of Proposition 5. Writing ®; = (¢, ¢;—1, ¢;—2) and defining & in the obvious way, we
may rewrite the dynamic system as ®;, = i (®;_1). The eigenvalues of Dh evaluated at the steady
state are given by 0 and

—e¥C 14+ \/eVC (—4(@— 1020 + 7€ +2) + 1
2(1 — @) '
While not particularly complicated, precise analytic results can only be obtained for particular
restrictions on 6. .

Let 6 = 0. Then hg(¢, y) = (1 +€¥°) /(@ — 1), and the expression in the text follows. Now
let 6 = 1, then one eigenvalue of D# is inside the unit circle provided o > 2, while the other
eigenvalues requires o < 2. Hence, the steady state is locally unstable when 6 = 1.

Since we require y > 0, it follows that for stability, & > 3.

Note that 4 (¢, yc) = —1; further, we may compute

- 1
hey (@, ve) = (aTl - 1) c

12log(a —2) M?p=3%«
(@—Dec o > ’

- - 1
/246 (B, ve)* + 1/3hps (D, ve) = c@=2 (

revealing that as y crosses y, from below, a flip bifurcation obtains, and locally, as the steady
state destabilizes, a stable two cycle emerges. O

Appendix B. Supplementary material

Supplementary material related to this article can be found online at http://dx.doi.org/10.1016/
j-jet.2016.02.003.
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