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Abstract

This paper shows that belief-driven economic fluctuations are a general

feature of many determinate macroeconomic models. Model misspecification

can break the link between indeterminacy and sunspots by establishing the

existence of “statistical sunspots” in models that have a unique rational ex-

pectations equilibrium. Building on the insights of Marcet and Sargent (1989)

and Sargent (1991), with some state variables ‘hidden’ to a set of agents the

state vector expands to include agents’ expectations and, in a restricted per-

ceptions equilibrium, agents form beliefs by projecting the state vector onto

their set of observables. This set of observables can include serially correlated

non-fundamental factors (e.g. sunspots, judgment, expectations shocks, etc.).

Agents attribute, in a self-fulfilling way, some of the serial correlation observed

in data to extrinsic noise, i.e. statistical sunspots. This leads to sunspot equilib-

ria in models with a unique rational expectations equilibrium. Unlike rational

sunspots, these equilibria are stable under learning. Applications are developed

in the context of a New Keynesian and an asset-pricing model.
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1 Introduction

This paper illustrates a novel equilibrium phenomenon, which we call statistical

sunspots. Statistical sunspots are endogenous fluctuations that arise in equilibrium

even in determinate models that feature a unique rational expectations equilibrium.

We consider economic environments where some state variables are hidden from a set

of agents, following a line of research that begins with Marcet and Sargent (1989).

With hidden state variables, the theory departs from strict rational expectations by

attributing to agents (potentially) misspecified forecasting models. In a restricted

perceptions equilibrium beliefs are formed by projecting the full state vector onto the

individuals’ restricted set of observables, thus preserving the cross-equation restric-

tions that are salient features of rational expectations models. The insight of this

paper is that this set of observables can include serially correlated extrinsic shocks,

statistical sunspots, which can be interpreted as judgment, sentiment, expectations

shocks, sunspots, etc. Because agents do not observe the full state vector, they at-

tribute, in a self-fulfilling way, some of the serial correlation observed in data to these

extrinsic factors. An important implication of breaking the link between indeter-

minacy and sunspots is that statistical sunspot equilibria are stable under learning,

unlike rational sunspots.

There is a long and venerable history in macroeconomics of proposing theories of

exogenous movements in expectations. For example, many forward-looking macroe-

conomic models can generate endogenous volatility through sunspot equilibria that

exhibit self-fulfilling dependence on extrinsic variables, i.e. “animal spirits.” Much

of the policy advice coming from New Keynesian models is predicated on ruling out

indeterminacy. In other settings, expectations can depend on “news” shocks, noisy

signals about future economic variables like productivity or future monetary/fiscal

policies. A third strand of literature assumes that a portion of expectations come

from statistical forecasting models (e.g. rational expectations or econometric learn-

ing rules) that are perturbed by expectational shocks or “add factors.”

While these approaches to endogenous volatility can have important empirical

implications for macroeconomic time series, there are theoretical drawbacks. In the

case of sunspot equilibria, their existence depends on an equilibrium indeterminacy

that raises the question of how individuals might coordinate on one of many possible
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equilibria. Moreover, an extensive literature shows that these sunspot equilibria may

not be learnable when rational expectations are replaced with reasonable econometric

learning rules. A wide literature argues in favor of stability under econometric learning

as an important consistency and equilibrium selection criterion.1 The news shocks

and expectational shocks models are imposed by the modeler and, again, raise the

question of how agents might come to include them in their expectations.

We propose a model of expectation formation that is based on the observation

that statistical models are misspecified.2 Forecasters may not observe all economic

variables, particularly exogenous shocks, or they may have a preference for parsimony

that leads them to under parameterize their models. For these reasons, there is a

long tradition by applied forecasters to estimate and forecast using parsimonious,

vector autoregressive (VAR) models. Motivated by these observations, we begin with

a general univariate, forward-looking model that depends on a serially correlated

exogenous process. An individual is said to have “restricted perceptions” when they

use a misspecified (in some dimension) statistical model to formulate expectations.

We first illustrate the main insights of the paper in the case where the fundamental

shock is hidden and all agents forecast with an AR(1) model plus a serially correlated

extrinsic shock (a “sunspot”). Hidden, or unobservable shocks, are a staple of any

economy whose equilibrium path is driven by many exogenous forces only a subset of

which is measured and observable by agents. Examples that we have in mind include

“natural rate” shocks to output and interest rates, monetary policy shocks, noise

traders and asset float in asset markets, among others.

In a restricted perceptions equilibrium (RPE) each forecasting model is optimal

within the restricted class in the sense that their beliefs are the least-squares pro-

jection of the true data generating process onto their restricted set of regressors.3

We show the existence of a fundamentals RPE and provide necessary and sufficient

conditions for the existence of multiple RPE that depend on a serially correlated ex-

trinsic variable, a “statistical sunspot.” Importantly, these sunspot equilibria exist

1See, for instance, Sargent (1993), Evans and Honkapohja (2001), Sargent (2008), and Woodford
(2013).

2The introduction to White (1994) states explicitly “...an economic or probability model is ...a
crude approximation to ...the ‘true’ relationships...Consequently, it is necessary to view models as
misspecified.”

3Thus, in the spirit of Sargent (2008) we focus on environments where “agents inside a model
have views that can diverge from the truth in ways about which the data speak quietly and softly.”
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even though we restrict attention to models that have a unique rational expecta-

tions equilibrium. Rather than the continuum of sunspot equilibria that arise in the

corresponding rational expectations model, we show that at most three RPE exist:

the fundamental RPE and two symmetric RPE that are driven by sunspots. The

existence of these sunspot RPE depends on the strength of expectational feedback,

the serial correlation of the hidden fundamental shock, the serial correlation of the

sunspot shock, and the signal to noise ratio of the shocks’ innovations.

Two features of these sunspot RPE are particularly interesting. Under certain

conditions, the sunspot RPE are stable under learning while the fundamental RPE is

unstable. In particular, we show that when the fundamental RPE is the unique RPE,

then it is strongly expectationally-stable (“E-stable”): agents endowed with a fore-

casting model that depends on lagged endogenous state variables and a sunspot will

eventually converge to the fundamental RPE with a zero coefficient on the sunspot.

The fundamental RPE is strongly E-stable in the sense that when agents’ statistical

model is over-parameterized to include the sunspot, their coefficient estimate on the

sunspot converges to zero. If multiple RPE exist, however, then the fundamental RPE

is only weakly E-stable, agents who include the sunspot variable in their regression

will find that their real time coefficient estimates do not converge to the fundamental

RPE. Instead, we show that the sunspot RPE are E-stable, for sufficiently serially

correlated sunspot shocks. Thus, the results of this paper break the link between

indeterminacy and the existence of expectationally stable sunspots.

Restricted perceptions equilibria feature excess volatility, however, we also show

that, in the case of homogeneous beliefs, sunspot RPE are less volatile than funda-

mental RPE, an unexpected but intuitive finding.4 The misspecified AR(1) forecast

model tracks the unobserved serial correlation of the fundamental shock through two

variables, the lagged endogenous variable and the serially correlated sunspot shock.

As a result, the AR(1) coefficient in the fundamental RPE is greater than it is in

the sunspot RPE. If the sunspot shock becomes more serially correlated and volatile,

then the optimal forecasting equation puts more weight on the sunspot but attributes

a lower autocorrelation coefficient to the endogenous state variable. This makes the

4A companion paper extends the framework to environments with heterogeneous expectations. In
some cases, the interaction between agents with heterogeneous beliefs can strengthen the impact of
sunspots and produce even greater degrees of excess volatility, including exceeding the fundamentals
RPE.

4



sunspot RPE have a variance that is bounded above by the fundamental RPE, and

below by the rational expectations equilibrium.

To illustrate the practical and empirical relevance of the theoretical results we

present two applications. The first explores the empirical implications of statisti-

cal sunspots for the excess volatility puzzle in stock prices. We use a calibrated

asset-pricing model to explore the empirical implications of statistical sunspots by

identifying the RPE sunspot process that can generate the excess volatility observed

in data. The second application re-considers a theme from studies into the design of

monetary policy rules that, under learning, policymakers face an improved stabiliza-

tion trade-off via a systematic, aggressive response whenever inflation deviates from

its target rate.5 We specify an optimal monetary policy problem in a New Keynesian

environment with unobserved exogenous factors. we show that an optimal policy

instrument rule responds less aggressively to inflation innovations than under perfect

information. Relatedly, optimal monetary policy will coordinate the economy on a

(learnable) sunspot RPE. The key to these insights comes from the cross-equation

restrictions implied by the restricted perceptions equilibrium.

The paper proceeds as follows. Section 2 develops the theory in a simple environ-

ment. Section 3 presents the main results. Section 4 shows that the main results are

robust, in a wide sense, including generalizations of the benchmark result to a class

of “pseudo” ARMAX forecasting models.6 Section 5 presents the applications, while

Section 6 concludes. All proofs are contained in the Appendix.

1.1 Related literature

This paper is related to a literature that studies the equilibrium implication of econo-

metric model misspecification. Marcet and Sargent (1989) first introduced the idea

that in an environment with private information an adaptive learning process will

converge to, what they call, a limited information rational expectations equilibrium.

Subsequently, Sargent (1999) and Evans and Honkapohja (2001) extended the idea

to where the misspecification never vanishes and learning converges to a restricted

perceptions, or misspecification, equilibrium. Weill and Gregoir (2007) show the

5See, for example, Eusepi and Preston (2017).
6Pseudo ARMA, also known as extended least-squares, is an alternative to maximum likelihood

to estimate moving average coefficients.
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possibility of misspecified moving-average beliefs being sustained in a restricted per-

ceptions equilibrium. Branch and Evans (2006) illustrate how the misspecification

can arise endogenously by applying the Brock and Hommes (1997) mechanism to a

restricted perceptions environment. A very interesting result in Cho and Kasa (2017)

provides an equilibrium justification for restricted perceptions as a sort of Gresham’s

law of Bayesian model averaging leads to correctly specified, within a rational expec-

tations equilibrium, models being driven out of the forecast model set. We are very

much in the spirit of Sargent’s (2008) essay on small deviations from the rational

expectations hypothesis that preserve beliefs being pinned down by cross-equation

restrictions and, yet, deliver an independent role for beliefs in economic fluctuations.

The results here also relate to a very large literature on sunspot equilibria in

rational expectations models, e.g. Shell (1977), Cass and Shell (1983), Azariadis

(1981), Azariadis and Guesnerie (1986), Guesnerie (1986), and Guesnerie and Wood-

ford (1992). In the same spirit as this paper, Eusepi (2009) studies the connection

between expectations driven fluctuations and indeterminacy in one and two-sector

business cycle models. Woodford (1990) was the first to show that sunspot equilibria

could be stable under learning in overlapping generations models. Evans and Mc-

Gough (2005a) and Duffy and Xiao (2007) show that sunspot equilibria in applied

business cycle models like Benhabib and Farmer (1994) and Farmer and Guo (1994)

are unstable under learning. In New Keynesian models, sunspot equilibria are not

generally stable under learning, however, Evans and McGough (2005b) show that

if agents’ perceived law of motion represents the sunspot equilibrium as the mini-

mal state variable solution plus a serially correlated sunspot that satisfies a resonant

frequency condition, then sunspot equilibria can be stable under learning provided

there is sufficient negative expectational feedback. Related is also the diverse beliefs

that arise in a rational belief equilibrium pioneered by Kurz (1994) and with recent

applications by Kurz, Jin, and Motolese (2005). In the rational belief framework, be-

liefs are driven by extrinsic noise so long as subjective beliefs agree with the ergodic

empirical distribution.

A closely related paper is Angeletos and La’O (2013) who were first to show

the existence of sunspot-like equilibria, that they call “sentiment shocks”, in models

that feature a unique rational expectations equilibrium. The key departure point

for Angeletos-La’O is a trading friction that limits communication between agents.
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Decentralized trade and random matching imply that agents can hold diverse beliefs

about future prices (terms of trade) and, so, it is possible for their beliefs about the

future to be driven by a sentiment factor that leads to aggregate waves of optimism

and pessimism. In the framework here, heterogeneous beliefs is not essential for the

existence of sunspot RPE in determinate models.

This paper is most closely related to Sargent (1991) and Bullard, Evans, and

Honkapohja (2008). Sargent builds on Marcet and Sargent (1989) by proposing a gen-

eral econometric learning approach to environments with hidden variables.7 While

Bullard, Evans, and Honkapohja (2008) identify an exuberance equilibrium where

agents hold a misspecified econometric model of the economy, whose coefficients

guarantee that the perceived autocorrelation function aligns with the autocorrelation

function implied by the equilibrium data generating process. Agents’ expectations

come, in part, from the statistical model and then include add factors modeled as

random shocks. An exuberance equilibrium is a Nash equilibrium in the sense that a

zero-mass agent’s best response would be to include the add factors given all of the

other agents’ behavior. In this sense, it is a self-fulfilling equilibrium. Section 4.1 of

the paper compares our approach to Bullard, et al. in detail.

2 Restricted Perceptions and Endogenous Fluctu-

ations

Consider first the minimal departure from rational expectations that leads to sta-

tistical sunspot equilibria that are stable under learning (“E-stable”) in determinate

(under rational expectations) models. A univariate model with homogeneous beliefs

feature E-stable statistical sunspot equilibria with distinct stochastic properties from

equilibria – under rational expectations or restricted perceptions – that do not depend

on extrinsic noise. It is shown that, even though the models under consideration have

a unique rational expectations equilibrium, learning dynamics will converge to the

sunspot equilibria so long as individuals’ beliefs place a prior on sunspot dependence.

7Kuan and White (1994) develop a theory of recursive econometric learning in non-linear models.
Their flexible approach is shown to be able to handle the presence of latent variables and includes a
conjecture that it is plausible that learning might converge to an “incorrect belief equilibrium,” an
early notion of restricted perceptions equilibrium, that depends on sunspot variables.
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We begin with a simple univariate model given by the pair of equations,

yt = αÊtyt+1 + γzt, (1)

zt = ρzt−1 + εt. (2)

Equation (1) is the expectational difference equation that determines the endogenous

state variable yt as a linear function of the time-t subjective expectations (Êt) of

yt+1 and a serially correlated process for “fundamental” shocks zt. The zt process is

assumed covariance stationary with 0 < ρ < 1 and εt is white noise with variance

σ2
ε . Subsequent sections provide examples of economies whose equilibrium conditions

lead to equations of the form (1)-(2). For now, assume that 0 < α < 1 so that the

model is determinate and features positive expectational feedback.8

Section 5 presents two specific economic models whose equilibrium is a solution to

equations (1)-(2). For the moment, we briefly remark on a key imperfect knowledge

assumption. Following the adaptive learning literature, we assume that agents’ beliefs

and preferences are not common knowledge and so households and firms are unable

to deduce the structural equations governing the equilibrium. Instead, agents formu-

late well-specified econometric models of payoff-relevant aggregate variables that are

beyond their control. In turn, this implies that agents in this model are more inter-

ested in accurate forecasting than discovering truths about the underlying mechanism

of the economy. In short, agents do not know equation (1), formulate expectations

from an econometric model, and the equilibrium will place cross-equation restrictions

that render a consistency between the perceived model of the economy and the true

equilibrium stochastic process.

The model has a unique rational expectations equilibrium of the form

yt = (1− αρ)−1 γzt.

Here, though, the agents in the economy form subjective expectations using a linear

forecasting model, which are sometimes called “perceived laws of motion” or “PLM”.

Hommes and Zhu (2014), working in a similar framework, assign to agents forecasting

8The negative feedback case, where −1 < α < 0, is considered in a companion paper as an
application to a monetary model that naturally admits negative expectational feedback.
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models of the AR(1) form

yt = byt−1 + εt ⇒ Êtyt+1 = b2yt−1, (3)

where εt is a (perceived) white noise process.9 In the AR(1) perceived law of mo-

tion the coefficient b corresponds to the first-order autocorrelation coefficient. Why

would individuals formulate and estimate an AR(1) forecasting model? It is a sim-

ple and parsimonious econometric model that is appropriate in environments where

the fundamental shock zt is an unobservable, or hidden, state variable. Examples of

hidden shocks depend on the precise model environment and could include drifts in

a central bank’s inflation target, aggregate mark-up shocks, “natural rate” shocks,

noise traders, or asset float.10 Hommes and Zhu (2014) define a behavioral learning

equilibrium as a stochastic process for yt satisfying (1), given that expectations are

formed from (3), and with b equal to the first-order autocorrelation coefficient of yt.

Similarly, we assume that the fundamental, i.e. payoff relevant, shock z is un-

observable, or hidden, to agents when forming expectations. Agents formulate fore-

casting models that condition on observable endogenous state variables as well as ob-

servable exogenous variables that are extrinsic to the model, i.e. statistical sunspots.

Specifically, agents hold the perceived law of motion

yt = byt−1 + dηt + εt

ηt = φηt−1 + νt

}
⇒ Êtyt+1 = b2yt−1 + d (b+ φ) ηt. (4)

Expectations are formed from a forecast model that depends on lagged values of the

endogenous variable, y, and an extrinsic noise term, ηt, assumed to be a stationary

9In Hommes and Zhu (2014), the PLM model also includes a constant term. Since the analysis
of the mean is relatively trivial, we assume that the means are zero, and known, without loss of
generality. We also assume that the agents know the stochastic process determining the sunspot.
This does not impact the learning stability analysis since the sunspot is exogenous, whereas, y is
determined via a self-referential system.

10Some readers may question whether any variable is truly hidden as opposed to observing a
noisy signal. While the idea that a large economy, or market, might be driven by hidden and
unmeasured forces should be uncontroversial, we briefly remark that statistical sunspots can still
arise in a more general environment with noisy signals. In a companion paper, we demonstrate that
if the noisy signal, and the shock zt, are sufficiently correlated then there exist multiple equilibria,
including sunspot RPE’s. We focus on the case of an unobservable zt because we find it a compelling
description of many environments and it delivers precise results that illustrate our main ideas.
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AR(1) with 0 < φ < 1.11 For simplicity, ηt is uncorrelated with zt, i.e. Eεtνt = 0.12

The extrinsic noise, ηt, can be thought of as a statistical sunspot variable that prox-

ies for publicly announced consensus forecasts, waves of optimism/pessimism, senti-

ment shocks, judgment or add factors, political shocks, etc. We call them statistical

sunspots to distinguish them from rational sunspots that are typically martingale

difference sequences. A statistical sunspot, on the other hand, is a generically serially

correlated exogenous process that will impact agent beliefs only if there is a statisti-

cal relationship between the state y and η. Therefore, unlike the expectations and/or

news shocks models we hold that whether, and when, agents use η in their forecast

model will arise as an equilibrium property: d is pinned down via cross-equation

restrictions. The following sections extend and generalize this benchmark case.

Is it reasonable that individuals would be able to observe ηt and not fundamental

variables such as zt? In our view, the answer is yes. The process ηt could be any

collection of information that agents think is informative about the state of the market

or economy that does not have a direct, payoff relevant, effect except through agents’

beliefs. A good econometrician would include all observable variables that help predict

the state. We show that when RPE exist that include dependence on ηt these self-

confirming equilibria are stable under learning so that eventually agents’ would come

to believe that these non-fundamental variables drive, in part, the endogenous state

variable yt. Surprisingly, these RPE with dependence on ηt arise in determinate

models and are stable under learning.

Given the perceived law of motion (4), the corresponding data generating process,

called the “actual law of motion” (ALM), can be found by plugging expectations into

(1):

yt = αb2yt−1 + αd (b+ φ) ηt + γzt. (5)

Notice that the perceived law of motion is misspecified: the actual law of motion (5)

depends on yt−1, ηt, and zt, while the perceived law of motion depends only on yt−1

and ηt. Thus, the PLM is underparameterized and so the equilibrium will not be a

11The agents here respect the learning literature’s timing convention that exogenous variables are
contemporaneously observed while endogenous variables are observed with a lag. This breaks the
simultaneity of expectations and outcomes that are natural in rational expectations environments
but implausible under restricted perceptions. In the aforementioned companion paper, we also show
that existence of sunspots does not hinge on this timing.

12Relaxing this restriction leads, more generally, to stable sunspot equilibria.
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rational expectations equilibrium but a restricted perceptions equilibrium (RPE).13 In

an RPE, agents’ beliefs, summarized by the coefficients (b, d), are optimal within the

restricted class, i.e. they will satisfy the least-squares orthogonality condition:

EXt (yt −X ′tΘ) = 0, (6)

where X ′t = (yt−1, ηt) and Θ′t = (b, d). In an RPE, agents are unable to detect their

misspecification within the context of their forecasting model. A sufficiently long

history of data will reveal the misspecification to agents, so an RPE is appropriate

for settings where data are slow to reflect the serial correlation in the residuals of the

regression equations.

The set of restricted perceptions equilibria, and their stability under learning, are

characterized by studying the mappings from the PLM to the ALM whose fixed points

are RPE, i.e. the “T-maps.” In particular, solving the orthogonality condition (6)

leads to

Θ = (EXtX
′
t)
−1
EXtyt ≡ T (Θ) (7)

The T-map has the following interpretation. Given a value of Θ, the actual law of

motion is (5), and a regression of y on lagged y and the sunspot η would produce the

coefficients T (Θ): the T-map is the least-squares projection of the ALM (5) onto the

PLM (4). An RPE is a fixed point of the T-map (7). Straightforward calculations

produce

T (Θ) =

[
1 −dση

σy

0 (1− bφ) σy
ση

][
corr (yt−1, yt)

corr (yt−1, ηt)

]

where corr(x,w) is the correlation coefficient between the variables x,w. The equilib-

rium coefficients, (b, d), depend, in part, on the correlation between the endogenous

state variable yt and the lag variable yt−1 as well as between yt and the sunspot ηt.

These correlation coefficients, in turn, depend on the belief coefficients (b, d). It is

this self-referential feature of the model that makes the set of RPE interesting to

13Alternatively, one can write (5) as

yt = (αb2 + ρ)yt−1 − αb2ρyt−2 + αd(b+ φ)(1− ρL)ηt + γεt

It is straightforward to see that if the forecast model was extended to be an AR(p) then the actual
law of motion is AR(p+ 1).
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characterize.

3 Theoretical results

3.1 Existence

A fundamentals restricted perceptions equilibrium is an RPE in which b 6= 0, d = 0,

since there is no dependence on the extrinsic variable. Conversely, if b, d 6= 0, then the

equilibrium is a sunspot RPE that features endogenous fluctuations, i.e. a statistical

sunspot equilibrium. This section establishes existence, and characterizes the set of

RPE.

The T-map for the fundamentals RPE can be identified by setting d = 0 and

solving the orthogonality condition (6) for b:

b→ αb2 + ρ

1 + αb2ρ
. (8)

A fundamentals RPE is a fixed point, b̂, of (8) and, it should be noted, is equivalent

to the behavioral learning equilibrium in Hommes and Zhu (2014).

The component of the T-map corresponding to d is given by

d→ dα (b+ φ) (1− bφ)

1− αb2φ
.

Evidently, d = 0 is a fixed point of this mapping. There exists a fundamental RPE,

with the expression for b a complicated polynomial in α, ρ implied by (8).

When d 6= 0,

b = b∗ ≡ 1− αφ
α (1− φ2)

is also a fixed point of the T-map. Given that value of b = b∗, the remainder of the

T-map can be solved for d, which after tedious calculations becomes

d2 → ξ(b, α, ρ, φ)

(
σ2
ε

σ2
ν

)
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where

ξ(b, α, ρ, φ) =
γ2 {ρ− b [1− αb(1− bρ)]} (1− αb2φ) (1− φ2)

α(1− αb2ρ)(1− ρ2)(b+ φ)φ(1− αφ)

We have the following results.

Proposition 1 There exists a unique fundamentals restricted perceptions equilibrium

(b, d) = (b̂, 0), where b̂ solves (8). Moreover, a pair of symmetric sunspot RPE (b, d) =

(b∗,±d∗) exists if and only if

i. α > 1
1+φ(1−φ) ≡ α̃

ii. ρ̃ (α, φ) < ρ < 1, for appropriately defined ρ̃.

Corollary 2 If 4/5 < α < 1 then sunspot RPE exist for sufficiently large ρ.

Proposition 1 provides necessary and sufficient conditions under which a given

sunspot, parameterized by φ, is supported as a restricted perceptions equilibrium.

While Corollary 2 shows that for a given structural parameter α, there will exist

sunspot RPE provided the serial correlation of the fundamental shock is sufficiently

strong.The existence of the statistical sunspot equilibria requires that α is sufficiently

large, i.e. there is strong expectational feedback in the model.

Figure 1 illustrates Proposition 1 by plotting the fixed points of the T−map.

The Td component of the T-map has a fixed point at d = 0 for all values of b, this

corresponds to the fundamentals RPE. The fixed point – if it exists – b = 1−αφ
α(1−φ2) , is

the vertical line in the figure. The Tb component has a parabolic shape that intersects

the Td contour in three places, d = 0 and ±d∗. Where the Tb and Td contours intersect

are restricted perceptions equilibria.

The figure also illustrates the comparative statics. As ρ or α decreases the Tb

component shifts left, lowering the RPE values for b in both types of equilibria, and

decreasing d in the sunspot RPE. Similarly, α (and φ) shift the vertical segment of

the Td-map. As these parameter values decrease sufficiently, eventually the Tb does

not intersect the Td line, at which point there exists a unique RPE coinciding with

the fundamentals equilibrium.

Notice in Figure 1 that the autoregressive coefficient b in the fundamentals RPE

is greater than the same coefficient in the sunspot RPE. That is because when d 6=

13



Figure 1: Equilibrium Existence

0 the agents’ model tracks the serial correlation in the model – arising from the

hidden shock z and the self-fulfilling serial correlation from agents’ beliefs – through

both the lagged endogenous variable and the extrinsic noise. Thus, it is not at all

obvious whether agents coordinating on the statistical sunspot equilibria will make

the resulting process for yt more or less volatile than the equilibrium where they

condition on lagged y alone. Results on this question are presented below.

3.2 Expectational stability

An open issue in models that feature sunspots and other types of expectations shocks

is through what means agents can come to coordinate on these equilibria. A large
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literature shows that indeterminate models featuring sunspot equilibria are generally

unstable under an econometric learning rule. For a sunspot equilibrium to be stable

typically requires that there be negative feedback from expectations onto the state

and that agents specify the equilibrium process in a particular manner, called the

“common factor” solutions by Evans and McGough (2005c). There is some debate

about the empirical relevance of many models with strong negative feedback. More-

over, a large literature on monetary policy rules makes an explicit case for policies

that ensure unique rational expectations equilibria.

On the other hand, Proposition 1 proves the existence of statistical sunspot equi-

libria in determinate models. We now further demonstrate that statistical sunspot

equilibria are stable under learning. The approach is an examination of the Ex-

pectational Stability (“E-stability”) properties of the equilibria following Evans and

Honkapohja (2001). In other models, expectations shocks are included as ad hoc

additions to the agents’ expectations or forecasting model leaving it unmodeled how

they might coordinate on the equilibrium.

To examine stability, step back from imposing that beliefs are optimal within the

restricted class. Recall that the T-maps deliver the optimal least-squares coefficients

from a regression of yt on the regressors (yt−1, ηt), given that yt is generated from an

actual law of motion implied by the perceived law of motion (parameterized by (b, d)).

The previous section focused on the fixed-points of these maps. Here the focus is on

the local stability of the fixed points.

It is well-established that, in a broad class of models, stability under reasonable

learning algorithms, such as recursive least-squares, are governed by “E-stability”

conditions found by computing the local stability of the rest points to the E-stability

ordinary differential equation:

dΘ

dτ
= T (Θ)−Θ. (9)

Here τ denotes “notional” time, which can be linked to real time t. The E-stability

Principle states that Lyapunov stable rest points of the E-stability o.d.e. (9) are lo-

cally stable under least-squares, and other closely related learning algorithms. Notice

that both the fundamentals and sunspot RPE are rest points of the E-stability o.d.e.

since they are fixed points of the T-map. That the E-stability principle governs sta-

15



bility of an equilibrium is intuitive since (9) dictates that the estimated coefficients

Θ are adjusted in the direction of the best linear projection of the data generated by

the estimated coefficients onto the class of statistical models defined by the PLM (4).

Local stability of (9) thus answers the question of whether a small perturbation in the

perceived coefficients Θ will tend to return to their restricted perceptions equilibrium

values.

The proofs to the E-stability results make use of the following Lemma.

Lemma 3 When ρ > ρ̃ and α > α̃ so that there exist multiple restricted perceptions

equilibria, the following relationship between the sunspot RPE b∗ and the fundamental

RPE b̂ holds: b∗ ≤ b̂.

Proposition 4 The E-stability properties of the AR(1) RPE are as follows:

1. when there exists a unique RPE it is E-stable;

2. when ρ > ρ̃ and α > α̃, the fundamental RPE is weakly E-stable. Moreover, the

two sunspot RPE are E-stable if and only if φ̃L(α, ρ) < φ < 1, for appropriately

defined φ̃L, depending on α, ρ.

As an illustration, consider the following numerical example. Set α = 0.95, ρ =

0.6, φ = 0.98, γ = 1, σ2
ε = σ2

ν = 1. Figure 2 plots the invariant manifolds of the T-map

along with the associated vector field of the E-stability o.d.e. Their cross-points are

fixed points of the T-map. That is, the figure summarizes the E-stability dynamics.

In the figure the solid lines are the contour plots giving the fixed points of the T-

map, as in Figure 1. The vector field and streams plot the direction of adjustment

according to the E-stability o.d.e..

The left plot (α = 0.90) corresponds to a parameterization with a unique (E-

stable) RPE. The RPE occurs with b̂ ≈ 0.97 and d̂ = 0. It is also evident in the

figure that the unique fundamental RPE is E-stable. Contrast these results with the

right plot which holds the same parameter values except now α = 0.95. As in Figure

1 there are three RPE: the fundamentals RPE with d̂ = 0, and two sunspot RPE

with d∗ 6= 0. Interestingly, the sunspot RPE are E-stable with all initial values for

b, d > 0 converging to the equilibrium. The weak stability of the fundamental RPE

is apparent along the saddle ḋ = 0.
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Figure 2: E-stability Dynamics

Proposition 4 establishes conditions that depend on α, φ and ρ. Figure 3 illustrates

this relationship. The figure plots the sets of (α, φ) such that the sunspot RPE exists

and is E-stable, for various values of ρ. For sufficiently large expectational feedback

α, the sunspot RPE is E-stable provided that it is sufficiently serially correlated.

Elsewhere, there is a non-monotonic relationship between α and φ that deliver a

parameterization of the model consistent with E-stable sunspot RPE. As ρ increases

a given sunspot (i.e. fix the value of φ) does not require as much feedback in order for

the sunspot RPE to exist. The existence of E-stable sunspot equilibria depends, non-

linearly, on the serial correlation properties of the omitted variable and the sunspot

as well as the strength of expectational feedback in the model.

3.3 Endogenous fluctuations and economic volatility

Conventional models of sunspot equilibria are viewed as inefficient since they in-

troduce serial correlation and volatility that would not exist without coordination

on the self-fulfilling equilibria. It is a natural question to ask whether the endoge-

nous fluctuations that arise in a sunspot restricted perceptions equilibrium lead to

more or less economic volatility. We now establish two results. First, the statisti-

cal sunspot process, under fairly general conditions, exhibits greater volatility than
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Figure 3: E-stability Regions
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the equilibrium process under rational expectations. Second, it turns out that, with

homogenous expectations, the sunspot RPE exhibits lower volatility than the fun-

damentals RPE. Excess volatility introduced by sunspots is bounded below by the

rational expectations equilibrium and above by the fundamentals RPE. These results

have key empirical implications, as discussed below.

This section explores these issues, first, by establishing the following result on the

additional volatility introduced into a determinate economy.

Proposition 5 Let α > α̃ and ρ > ρ̃ so that multiple restricted perceptions equilibria

exist. There exists a ρ̂ (α, φ) such that var (yt| sunspot RPE ) > var (yt| REE ) if and

only if ρ̃ < ρ < ρ̂.

This result establishes necessary and sufficient conditions on the persistence in the

fundamental process zt for which the statistical sunspot RPE introduces additional

volatility into the economy. A graphical illustration is provided in Figure 4 for the

numerical example α = 0.9, ρ = 0.7, φ = 0.4. The statistical sunspot RPE brings

additional volatility into the economy above and beyond rational expectations, for

any sunspot innovation process, provided that the fundamental shock zt is sufficiently

serially correlated. When might a rational expectations equilibrium be more volatile
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than the statistical sunspot? In the extreme cases of α close to the indeterminacy

region and a ρ close to one.

Figure 4: Relative variance of statistical sunspots in comparison to rational expecta-
tions.
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Having established that statistical sunspots are more volatile than the (unique)

rational expectations equilibrium, we now examine the relative volatility of sunspots

in comparison to the fundamentals RPE. Here we find the surprising and, yet, intuitive

result that the fundamentals RPE is more volatile than statistical sunspots – and

rational expectations equilibria.

Proposition 6 Let α > α̃ and ρ > ρ̃ so that multiple restricted perceptions equilibria

exist. For ρ sufficiently large and/or σ2
ν

σ2
ε

sufficiently small, the fundamentals RPE is

more volatile than the sunspot RPE.

Numerical analysis suggests that the result holds for a broad set of parameters.

The intuition for the result that the sunspot RPE are less volatile than the fundamen-

tals RPE is as follows. Imagine an increase in φ, i.e. making the statistical sunspot

more volatile. This has off-setting effects for relatively large φ.14 On the one hand, it

increases b∗, which tends to push up the variance of the sunspot RPE. On the other

14In fact, the effect of φ on the b∗ is first decreasing and then increasing.
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hand, d∗ decreases as less weight is placed on the extrinsic shock η since its serial cor-

relation properties are further displaced from those of the fundamental shock z. This,

in turn, tends to push down the sunspot RPE’s variance. As ρ becomes large enough,

or the signal-noise ratio σ2
ν

σ2
ε

small enough, then the weight on the sunspot is sufficiently

small so that the fundamentals RPE is more volatile. In general, the relative vari-

ances of the RPE depend on the elasticities of the RPE coefficients b, d. Numerical

explorations suggest that the effect of a lower self-fulfilling serial correlation via the

b-coefficient outweighs the impact on the d-coefficient.

This trade-off from changing the statistical properties of the sunspot variable can

be seen in the following numerical example. Set α = 0.95, ρ = 0.6, γ = 1, σ2
ε = σ2

ν = 1.

Figure 5 plots the excess volatility of the two RPE, i.e. the ratio of the RPE variance

to the variance in the rational expectations equilibrium, as a function of φ. The figure

clearly demonstrates the non-monotonic effect of φ on the variance of the sunspot

RPE. As φ increases from a relatively high level, the autocorrelation coefficient b

increases and d decreases, as the sunspot RPE is more similar to the the fundamentals

RPE. As φ decreases, making the sunspot less volatile, there is a non-monotonic effect

on the RPE coefficients. From a relatively high value of φ, the comparative static

effect of decreasing φ is to decrease b∗ and increase d∗, as the sunspot better tracks the

serial correlation in the model. However, for some lower value of φ, the comparative

static effect of decreasing φ then increases b∗ and decreases d∗ as the RPE becomes

closer to the fundamental RPE. Thus, in between these critical values there is a

non-monotonic effect from φ on economic volatility in the non-fundamentals RPE.

The statistical properties of the RPE sunspot equilibria are distinct from the

fundamentals RPE. Figure 6 illustrates that it is not just b that is lower, but that the

first-order autocorrelation of the sunspot equilibrium is always (weakly) lower than

for the fundamentals RPE. Moreover, inspection of the log spectral density (Figure

7) for the two processes shows that the fundamentals has the usual spectral shape of

a strongly autocorrelated process, while for the sunspot RPE a greater fraction of its

variance is explained by medium frequency fluctuations.

The results presented in this section have important empirical implications that

we address, in part, in section 5. The sunspot RPE brings to an economy additional

volatility and persistence, relative to rational expectations, while preserving key cross-

equation restrictions that pin down beliefs within an equilibrium and without relying
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Figure 5: Economic volatility in a restricted perceptions equilibrium.

Figure 6: First order autocorrelation in a restricted perceptions equilibrium.

on equilibrium indeterminacy or an adaptive learning process. Moreover, the extent

to which statistical sunspots bring additional volatility and persistence depends on the

properties of the sunspot as well as the structural parameters α and ρ. The economic

volatility arising from sunspots is bounded below by rational expectations and above

by the fundamentals RPE. In particular, the fundamentals RPE is several times more
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Figure 7: Log spectral densities in a restricted perceptions equilibrium.
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volatile than the rational expectations equilibrium and so the sunspot RPE plausibly

could improve the ability of a macroeconomic model to fit the data. It is readily

apparent, therefore, that the properties of the sunspot RPE can be econometrically

identified.

4 Robustness

4.1 Are statistical sunspots robust?

Because the fundamental shock z is hidden, and the forecasting model used by agents

within a restricted perceptions equilibrium is misspecified, it is reasonable to question

the robustness of statistical sunspots as an equilibrium concept. There are, however,

several ways in which the sunspot RPE is robust despite this misspecification arising

from the unobservability of zt.

1. The sunspot RPE is learnable and the fundamental RPE is not. The E-stability

results showed that if agents place, even the smallest, prior on the sunspot, i.e.,

d ≈ 0, then they will learn to believe in sunspots and the economy will converge

to the statistical sunspot equilibrium. In this sense, statistical sunspots are
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robust to adaptive learning.

2. The sunspot RPE is robust to local econometric (mis-)specification tests. Cho

and Kasa (2015) develop a model validation framework that is based on recur-

sively applying likelihood ratio tests to the null that an econometric model of the

economy is a good descriptor of the data. Employing that idea to the present

environment, it is clear that if agents within the statistical sunspot RPE were to

test their model against a (local) alternative they would fail to reject the null.

This is because the test statistics are constructed based on sample estimates of

the least squares “orthogonality” term Xt (yt −X ′tΘ), which is equal to zero, on

average, within the RPE with a fixed Θ at its RPE value. Thus, the statistical

sunspot RPE is robust to a class of standard econometric specification tests.

This is not to say, though, that a real-time learning formulation might lead to an

escape that arises from model validation dynamics, as developed in the theory

of Cho and Kasa (2015). Cho and Kasa (2015) develop results within models

that feature multiple stable RPE. They couple to a constant gain learning algo-

rithm for the parameters a recursive likelihood ratio test that the agents use to

test their model specification and adapt a new model if the data rejects the null

that their model provides the best description of the data, as described above.

Occasional large shocks can trigger an escape so that model selection and pa-

rameter updating both drive the economy towards the other RPE. Cho-Kasa

show that an economy can recurrently switch between RPE, though asymptot-

ically the system will spend more time towards one of the RPE. While beyond

the scope of the present paper, it would be interesting to apply the Cho-Kasa

model validation theory to the present environment.

3. The sunspot RPE is robust to global econometric (mis-)specification tests. With

sufficient data, depending on the power of the specific test, an econometrician

might detect serial correlation in their residuals within a restricted perceptions

equilibrium. The relevant question here is, what would a good econometrician

do to correct for serially correlated residuals given that zt is unobservable to

agents and so they do not know the source of their misspecification? In such a

setting, a good econometrician would lengthen the lag lengths in their regres-

sion equation. However, as pointed out above, and demonstrated in greater

detail below, including additional lag variables do not overcome the misspec-
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ification. If agents decided to forecast with an AR(2)+sunspot instead of an

AR(1)+sunspot, then the actual law of motion would depend on 3 lags. Further-

more, statistical sunspot equilibria continue to exist with more general AR(p)

perceived laws of motion.

4. Forecasters cannot do better with an alternative model within a sunspot RPE.

Another sense in which the sunspot RPE is robust is that, if given the choice

of another forecasting model while the economy is in the sunspot RPE, agents

would continue to forecast with the statistical sunspots. We demonstrate this

property as follows. Each agent can calculate their mean-square forecast error

with the RPE as

MSE1 = E
(
yt+1 − E1

t yt+1

)2
Now imagine that a single agent with zero-mass were able to observe zt and she

contemplates forecasting with the fundamentals model

E2
t yt+1 = cρzt

where c = Eytzt/Ez
2
t .

15. This forecast model produces mean forecast errors

MSE2 = E
(
yt+1 − E2yt+1

)2
The statistical sunspot is robust if each agent would prefer to forecast with it

over the alternatives, i.e., if MSE1 < MSE2. We have the following results on

whether a sunspot RPE is robust, given that it exists.

Proposition 7 Let 1
1+φ(1−φ) < α < 1. The sunspot RPE is robust if and only

if ρ̂(α, φ) < ρ < 1.

Recall from before that sunspot RPE exist provide 1
1+φ(1−φ) < α < 1 and

ρ̃ < ρ < 1. The robustness result provides a further condition on ρ. The

following lemma establishes, though, when this alternative condition is the same

as the existence condition.

15We also found robustness if the zero-mass agent were to set c equal to its rational expectations
equilibrium value.
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Lemma 8 There exists a α̂(φ) ≥ 1
1+φ(1−φ) such that ρ̃ = ρ̂ if and only if α̂ <

α < 1.

Therefore, under the conditions of the lemma, all sunspot RPE that exist are

robust. If the conditions of the lemma are not satisfied, then a subset of the

sunspot RPE – corresponding to ρ sufficiently large – are robust.

Corollary 9 If α̂ < α < 1 then sunspot RPE exist that are robust.

This sense in which the sunspot RPE are robust if a single agent with zero-mass con-

templated deviating from the equilibrium is the same condition required within the

“exuberance equilibrium” identified by Bullard, Evans, and Honkapohja (2008). The

“near-rational” expectations developed by Bullard, Evans, and Honkapohja (2008)

assume that the agents in the economy form expectations by first fitting an ARMA

model to historical data and then adjusting their econometric forecasts by incorpo-

rating judgment, modeled as a purely extrinsic shock like what we explore in this

paper. An exuberance equilibrium arises when the ARMA model used by agents is

the best-fitting model, in a least-squares sense, and a zero-mass agent would prefer

to incorporate the judgment/sunspot given that all other agents are incorporating it.

Finally, an exuberance equilibrium must also lead to ARMA coefficients that would

be recoverable using a least-squares learning procedure.

There are, evidently, many similarities behind the ideas in this paper and those

developed in Bullard, Evans, and Honkapohja (2008). The statistical sunspot concept

is more general in that the agents fit a statistical model to data in order to deter-

mine both the autocorrelation properties and the dependence on the sunspot. Our

approach also facilitates sharper analytic results in univariate environments. Finally,

this section on “robustness” can provide more insight into some of the differences.

For instance, there are several ways in which statistical sunspots are robust, with the

exuberance equilibrium notion being only one. The statistical sunspot RPE, when

it exists, is E-stable while the fundamental RPE is not E-stable, and they are both

learnable in the exuberance equilibrium. The inclusion of sunspots as a statistical

variable in forecasting models is also robust to some standard econometric misspeci-

fication tests. Thus, this paper demonstrates the strong result that, in environments

with unobservable state variables, it is likely that the economy will coordinate on a

restricted perceptions equilibrium with sunspots.
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4.2 Extensions and Generalizations

This section presents extensions and generalizations that demonstrate the robustness

of the existence and stability results. In particular, we consider an extension of the

basic model to include a lagged endogenous variable in the data generating process as

well as a wide array of misspecified statistical models that agents might use to form

subjective expectations.16 Finally, while this paper develops its results with linear,

univariate models, we have also computed numerical examples of stable sunspot RPE

in multivariate and non-linear models. However, to focus on the basic result we omit

these particular extensions from the presentation.

Define the state vector X ′t = (yt, yt−1, ..., yt−p, θt, θt−1, ..., θt−q, zt, ηt). Such a state

vector will arise when agents form expectations from a perceived law of motion in the

general class:

b(L)yt = c(L)θt + dzt + fηt (10)

where θt is a forecast error process defined by the regression equation (details be-

low). A regression equation like (10) is the population equivalent of what Ljung and

Söderström (1983) call a “pseudo-linear regression” (or extended least-squares), which

is essentially a pseudo ARMAX model where θt is the difference between yt and the

time-t conditionally predicted value. Below, we consider two different specifications

of (10), where we again assume throughout that ηt is a covariance stationary AR(1)

process given by

ηt = φηt−1 + νt (11)

where |φ| < 1 and νt is white noise with variance σ2
ν .

4.2.1 Lagged endogenous variables

Statistical sunspot equilibria arise from restricted perceptions because, intuitively,

agents’ statistical model attributes, in a self-fulfilling way, the serial correlation ob-

served in data to come from autocorrelation of the endogenous variable and a serially

correlated extrinsic noise process. These results were developed in a model where

16A companion paper extends the framework to potentially allow for heterogeneity in forecast
models, considering both where some, or all, individuals include the sunspot variable in their fore-
casts. A refinement of RPE, called a misspecification equilibrium, endogenizes the distribution of
agents across a diverse set of models.
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all of the serial correlation in the data generating process comes from the hidden

fundamental shock and aggregate subjective beliefs. A natural question is whether

the existence of sunspot RPE is robust to an environment where the data generating

process also depends on lags of the endogenous variable.

To answer this question, consider the following extension of the benchmark model:

yt = αÊtyt+1 + δyt−1 + γzt, 0 < α < 1

zt = ρzt−1 + εt

If the agents’ statistical model remains an AR(1) plus sunspot, as in section 2, then

the results from the previous section extend in a natural way to this extended envi-

ronment. However, with the additional source of serial correlation arising from the

lagged y, it is plausible that a well-specified econometric model might include two lags

to better account for serial correlation in the residuals from an AR(1) regression. In

this case, with additional explanatory variables in the agents’ model it is not obvious

that sunspot RPE will continue to exist.

Specifically, assume that agents’ forecasts come from the statistical model

yt = b1yt−1 + b2yt−2 + dηt

ηt = φηt−1 + νt

Leading the perceived law of motion forward one period and taking expectations,

leads to the actual law of motion for yt

yt =
[
α
(
b21 + b2

)
+ δ
]
yt−1 + αb1b2yt−1 + αd (b1 + φ) ηt + zt (12)

Because zt is hidden from agents, their model continues to be misspecified. To see

this, use the fact that zt = (1− ρL)−2 εt to re-write the law of motion (12) as

yt =
{
α
(
b21 + b2

)
+ δ
}
yt−1 +

{
α
[
b1b2 − ρ

(
b21 + b2

)]
− δρ

}
yt−2

− αρb1b2yt−3 + αd(b1 + φ) (ηt − ρηt−1) + εt

As agents forecast with an AR(2) plus sunspot the actual law of motion is an AR(3)

plus contemporaneous and lagged values of the sunspot. We can proceed as before,
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compute the T-map from the least-square orthogonality condition and then find the

set of RPE as fixed points to the T-map. These expressions are particularly com-

plicated, though we can summarize the results of an extensive numerical analysis as

follows.

Result 10 There exists a fundamentals RPE with b̂1 ≥ 0, b̂2 6= 0, d̂ = 0. For α and

ρ sufficiently large, and δ small enough, there exists a pair of E-stable sunspot RPE

with b∗1 6= 0, b∗2 6= 0,±d∗ 6= 0.

As an example, set α = 0.95, δ = 0.25, γ = 1, ρ = 0.7, φ = 0.6, σε = σν = 0.1. The

T-map contours are now three-dimensional and so to illustrate the set of equilibria

Figure 8 plots in (b1, b2, d) space. The figure only plots those values consistent with

covariance stationary statistical models employed by agents.17 The T-map contour

surfaces are more complicated. To easily illustrate the equilibria the small white

spheres in the figure illustrate intersections of the T-map contour lines consistent

with E-stable RPE. That is, there are many possible RPE, however in our numerical

explorations we have always found, as in the previous section, a pair of symmetric

E-stable sunspot RPE. In the figure the sunspot RPE are d∗ ≈ ±3.

Figure 8: T-map in model with lags.

17In particular, we restrict the space so that −1 < b2 < 0 ⇒ −1 + b2 < b1 ≤ −2
√
−b2 or

2
√
−b2 ≤ b1 < 1− b2 and 0 < b2 < 1⇒ −1 + b2 < b1 < 1− b2.
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4.2.2 Pseudo moving-average

We continue to assume that the fundamental shocks zt are unobservable to all agents.

Now assume agents adjust expectations according to their lagged forecasting error, a

pseudo MA(1), plus a sunspot:

yt = θt + cθt−1 + fηt ⇒ Ê2
t yt+1 = yet+1 (13)

where the latter expectations are defined by the recursions

yet+1 = cθt−1 + f (c+ φ) ηt − cyet
θt = yt − yet

This recursion arises under the consistent timing convention that yt, hence θt, is not

contemporaneously observable when forming expectations. As discussed in Marcet

and Sargent (1995), the PLM (13) is a population equivalent of a pseudo linear

regression, or extended least-squares, a recursive alternative to maximum likelihood

for estimating the unobserved moving average terms in ARMAX models.18 It is a

pseudo MA(1) because θt is not restricted to be white noise innovations but instead

it satisfies the weaker condition that θt is orthogonal to the regressors θt−1, ηt.

With these expectations, the actual law of motion for the economy is given by the

following recursive equations

yt = αc (θt−1 − yet ) + α [f (c+ φ)] ηt + zt

yet+1 = c (θt−1 − yet ) + f (c+ φ) ηt

θt = yt − yet
zt = ρzt−1 + εt

ηt = φηt−1 + νt

As before, let X ′t =
(
yt, yt−1, y

e
t+1, θt, ηt, zt

)
, then with appropriate conformable ma-

trices B,C, we have

Xt = BXt−1 + Cεt

18Weill and Gregoir (2007) prove the existence of MA(q) restricted perceptions equilibria.
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Tedious calculations again lead to the second T-map component

f → f (c+ φ) [α (1− cφ) + cφ2]

1 + cφ (1− α + φ)
(14)

It is possible to characterize the RPE. As before, it is evident from (14) that f = 0

is an RPE. There are corresponding closed-form solutions for c (and its subcomponent

of the T-map), however, the expressions are complicated and omitted for ease of

exposition. There are also fixed points of the T-map corresponding to statistical

sunspots. In particular, (14) has another pair of fixed points

c =
α (1 + φ− φ2) + φ (φ2 − 1)±

√
4 (1− αφ)φ (φ− α) + (φ3 − φ2 (1 + α) + φ (α− 1) + α)2

2φ (α− φ)

The following proposition establishes sufficient conditions for a statistical RPE

to exist with the MA(1) forecasting equation. Numerical explorations uncovered the

existence of multiple fundamental and sunspot RPE, and because of the complicated

expressions for the T-map, we are unable to establish conditions for uniqueness.

Proposition 11 A sunspot RPE exists if ρ is sufficiently large and

a. for φ < 3−
√
5

2
, α < φ; or,

b. φ ≥ 3−
√
5

2
and 5φ+2φ2−φ3−2φ4+φ5

1+2φ+3φ2−2φ3+φ4 < α < 1.

5 Applications

We turn now to two economic applications that illustrate the practical and empirical

relevance of statistical sunspots. The first application addresses the excess volatility

puzzle in rational expectations models of stock prices (Shiller (1981)). Adopting a

mean-variance asset-pricing model, with calibrated parameters and shock processes,

we identify the statistical sunspot process that leads to an equilibrium which matches

the magnitude of excess volatility in Shiller. The second application is a New Keyne-

sian model where the central bank commits to an optimal instrument rule and revisit

the proposition that non-rational expectations imply a more “hawkish” monetary
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policy rule (c.f. Orphanides and Williams (2005a) and Eusepi and Preston (2017)).

We show that, across a broad range of potential policymaker preferences for relative

price stability, the optimal rule is consistent with the existence of a sunspot restricted

perceptions equilibrium. We also show that the optimal rule, within the class consid-

ered, is less aggressive against inflation than they would be in a perfect information

environment. This latter result is intuitive, but somewhat surprising in light of the

large literature that suggests policymakers should be more aggressive against inflation

in environments with non-rational expectations.

5.1 Excess Volatility in Asset Prices

Shiller (1981) estimates that stock prices are roughly 5 times more volatile than one

would expect if prices reflected the expected present-value of future dividends, i.e.

under rational expectations. The previous section established that, in environments

with hidden variables, a statistical sunspot equilibrium exhibits volatility bounded

below by rational expectations and above by the fundamental restricted perceptions

equilibrium. Here we adopt the calibrated asset-pricing model in Branch and Evans

(2009) and pin down the serial correlation in the sunspot process to generate excess

price volatility in line with Shiller’s estimate.

5.1.1 Mean-variance asset-pricing model with a hidden variable

The environment is a mean-variance linear asset pricing model similar to De Long,

Shleifer, Summers, and Waldmann (1990). Investors are mean-variance maximizers

who allocate wealth across two assets.19 There is a risk-free asset that pays a gross

rate of return R = β−1 > 1, where β is the discount factor, and a risky asset that

yields a (stochastic) dividend stream {qt} and trades at ex dividend price pt. In this

framework, demand for the risky asset is

zdt =
Êt (pt+1 + qt+1)− β−1pt

aσ2

19Branch and Evans (2011) derive the mean-variance asset pricing equations from an OLG model
with a stochastically fluctuating population of young agents. We refer the reader to Branch and
Evans (2011) for details.
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where Êt (pt+1 + qt+1) is the subjective expectation of the one-period ahead pay-

off, a is the coefficient of risk aversion, and σ2 is the variance of excess returns

pt+1 + qt+1 − β−1pt. The equilibrium price pt is determined by market clearing, i.e.

zdt = zt, where zt is the (stochastic) supply of the risky asset. The term zt captures

fluctuations in outside share supply, also called “asset float”, and proxies for varia-

tions in the availability of publicly tradable shares. There is empirical evidence that

fluctuations in asset float can be an important determinant of asset prices (see Ofek

and Richardson (2003) and Cochrane (2005)), though there are few good statistical

measures (see Baker and Wurgler (2000)). Here we assume that dividends, qt, are

observable and asset float, zt, is unobserved by traders.

The equilibrium price equation is

pt = Êt (pt+1 + qt+1)− aσ2zt

which takes the same form as (1), extended to include two exogenous shocks. We

assume that dividends and share supply are determined by a pair of (uncorrelated)

stationary AR(1) processes:

qt = δqt−1 + ut

zt = ρzt−1 + εt

Traders are assumed to know the dividend process, but movements in share supply

are unobservable. Traders also have imperfect knowledge about the market environ-

ment, including beliefs and preferences of other traders, and so do not know the

form of the pricing equation. As before, cognitive consistency would lead traders to

formulate a linear forecasting rule for stock prices that depends on the observables,

lagged stock prices, dividends, and any other information in the form of the statistical

sunspot η. The perceived law of motion, therefore, is

pt = bpt−1 + cqt + dηt ⇒ Êtpt+1 = b2pt−1 + c (b+ δ) qt + d (b+ ρ) ηt

As before, the statistical sunspot follows

ηt = φηt−1 + vt

32



The values for the coefficients (b, c, d) are pinned down in a restricted perceptions

equilibrium, following the same steps from earlier in the paper. One potential compli-

cation relative to our earlier analysis arises from the presence of two random variables

– the share supply zt and the dividend innovation ut – not contemporaneously ob-

servable. It is theoretically possible for there to exist multiple restricted perceptions

equilibrium values for b in the fundamentals equilibrium, as shown by Hommes and

Zhu (2014). However, our analysis below sidesteps this issue as there exists a unique

fundamentals RPE for the calibrated parameters that we adopt.

5.1.2 Excess price volatility

We now show that the model can capture the magnitude of excess stock price volatility

estimated by Shiller (1981). We begin by adopting the calibration in Branch and

Evans (2009). For this exercise, the key parameters are the autoregressive parameters

and innovation variances for the dividend and share supply processes. Data on real

dividends are provided by Shiller. We adopt the share supply series constructed by

Baker and Wurgler (2000) who calculate total new annual equity issues in the United

States, which is the most comprehensive time series measure of share supply in the

United States. Both dividends and share supply exhibit a time trend and so, to fit

the model environment, we detrend and estimate an AR(1) for each data series. From

this regression, we compute the AR(1) coefficients, δ, ρ, and the standard deviation of

the residuals. Our estimates lead us to set δ = 0.95, ρ = 0.8837, σu = .0022, σε = 1.7.

We set β = 0.9975, based on the one-month risk free rate. The risk parameter,

σ2 = 0.1233, is based on the excess return volatilities estimated by Guidolin and

Timmermann (2007). Finally, we set the coefficient of risk aversion a = 2.

Figure 9 presents the results from the quantitative exercise. The top panel plots

stock price volatility in a restricted perceptions equilibrium, relative to volatility in

the rational expectations equilibrium, as a function of φ, the autoregressive coefficient

in the statistical sunspot variable. That is, the plot measures excess volatility. The

figure sets σ2
v = 0.1 and focuses on the empirically relevant range for φ. A more serially

correlated sunspot increases excess volatility. The dashed line is the Shiller target for

excess volatility. A value of φ ≈ 0.98 delivers an excess volatility in equilibrium

consistent with the data.20

20In this exercise the identified value of φ depends on the normalized value of σv. A precise value
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(a) Excess price volatility (target denoted by
dashed line).
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(b) Tmap with calibrated parameter values.
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(c) RPE belief coefficients as function of φ.

Figure 9: Excess price volatility in calibrated asset-pricing model.

for φ would require another moment to match, which is beyond the scope of this application.34



The bottom two panels of Figure 9 give further insight into the excess volatility

result. The middle panel plots the T-maps for the calibrated model with φ = 0.98,

i.e. at the target excess volatility. Clearly, the quantitative exercise produces a statis-

tical sunspot equilibrium. The bottom panel plots the E-stable restricted perceptions

equilibrium values for the coefficients (b, d). As the sunspot becomes more serially

correlated, the equilibrium weight, d, placed on the sunspot in the forecasting equa-

tion decreases and the autoregressive coefficient b increases. This is in line with the

comparative statics illustrated earlier in the paper. As the sunspot approaches a

driftless random walk, the sunspot equilibrium no longer exists. Thus, since price

volatility is bounded below by the rational expectations equilibrium, and above by

the fundamentals RPE, as φ increases excess price volatility approaches what would

arise in a non-sunspot RPE. Evidently, from the top panel the non-sunspot RPE

exhibits an excess volatility several times larger than what is observed in the data.

5.2 Optimal Monetary Policy

A seminal result by Orphanides and Williams (2005a) is that economies with non-

rational agents who update their forecasting models using an adaptive learning rule,

the optimal monetary policy rule involves a more aggressive response to inflation

deviations from target.21 The intuition behind this well-known result is that with

non-rational expectations the central bank seeks to minimize inflation volatility in

order to help anchor private-sector expectations. This section revisits Orphanides and

Williams (2005a) with our theory of restricted perceptions and endogenous volatility.

We find that in a New Keynesian economy, with hidden variables and homogeneous

expectations, that a statistical sunspot equilibrium will exist under optimal policy

(within the class of rules considered) and the optimal policy response to inflation

innovations is less aggressive under restricted perceptions than rational expectations.

21For a general discussion of this robust finding, see the excellent survey by Eusepi and Preston
(2017), in particular “Result 5a.”

35



5.2.1 A New Keynesian model with hidden variables

We adapt Orphanides and Williams (2005a) to the present environment:

πt = βÊtπt+1 + κyt + ut (15)

yt = xt + zt (16)

where πt is the inflation rate, yt is the output gap, and ut, zt are aggregate supply and

aggregate demand shocks, respectively. Equation (15) is a standard New Keynesian

Phillips Curve that comes from the aggregate supply block. Without loss of generality,

assume that σ2
u → 0. Equation (16) is the aggregate demand equation and it relates

the output gap to the central bank’s policy variable, xt, up to noise zt. As before, we

assume that zt = ρzt−1 + εt. The cental bank is able to perfectly control aggregate

demand up to a serially correlated exogenous noise. We assume that this control error

is unobservable to private-sector agents.

The central bank has an optimal instrument rule of the form

xt = −θ (πt − π̄) , θ ≥ 0

where π̄ is the long-run inflation target, which we set to π̄ = 0. The form of this

policy rule is what Orphanides and Williams (2005b) refer to as an “outcome-based”

rule that adjusts the output gap (aggregate demand) whenever inflation deviates from

target. The central bank chooses the coefficient in its policy rule in order to minimize

a quadratic loss function

L = (1− λ)Ey2t + λEπ2
t

Given that zt is unobservable, the agents in the economy formulate their expec-

tations from the forecasting rule:

πt = bπt−1 + dηt ⇒ Êtπt+1 = b2πt−1 + d (b+ φ) ηt

where, again, ηt = φηt−1 + vt. Plugging expectations, the policy rule, and the aggre-

gate demand equation into (15) produces the actual law of motion for inflation:

πt =
βb2

1 + κθ
πt−1 +

βd (b+ φ)

1 + κθ
ηt +

κ

1 + κθ
zt
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which is the same form as (5) with α = β/ (1 + κθ) , γ = κ/ (1 + κθ). Notice that

there is a unique rational expectations equilibrium for all θ. Given a value for θ, the

belief coefficients (b, d) are pinned down in a restricted perceptions equilibrium. We

denote the RPE inflation process as πt (θ).

5.2.2 Optimal policy

Under optimal policy, there is a symmetric Nash equilibrium where the central bank’s

policy rule and the beliefs of agents are determined simultaneously. Then the optimal

policy rule is determined according to

θ∗ (λ) = arg min
θ

[
(1− λ) θ2 + λ

]
E [πt (θ)]2

and E [πt (θ)]2 = a1Ez
2
t +a2Eη

2
t , where a1, a2 are complicated expressions of the model

parameters θ, β, κ, ρ, φ. The resulting optimal monetary policy is, therefore, also a

complicated function of these parameters and a closed-form solution is unavailable.

We also compute the equilibrium outcomes when the policy rule is derived un-

der perfect information, that is rational expectations with zt observable to agents.

This alternative scenario facilitates a comparison of the optimal θ under restricted

perceptions to rational expectations and also allows us to consider an experiment

where the central bank mistakenly assumes that the private-sector has perfect infor-

mation about aggregate demand. Under perfect-information rational expectations,

the optimal policy rule solves

θR (λ) = arg min
θ

[
(1− λ) θ2 + λ

]( κ

1 + κθ − βρ

)2
σ2
ε

1− ρ2

From the associated first-order condition, it is straightforward to show that

θR (λ) =
κλ

(1− λ) (1− βρ)

and the optimal inflation response is increasing in λ.22

Since θ∗(λ) does not have a closed-form solution, we proceed numerically. We set

22This optimal value θR is the direct effect of z on π, in an REE, times the central bank’s preference
for inflation stabilization relative to output gap stabilization.
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(a) θR: λ = 0.5. (b) θ∗: λ = 0.5

(c) θR: λ = 0.9 (d) θ∗: λ = 0.9.

Figure 10: T-maps for policy rules θR, θ∗ and λ = 0.5, 0.9.

β = 0.99, κ = 0.10, both within the empirically relevant range. As a benchmark,

we set ρ = 0.5, φ = 0.75, σε = σv = 1, and focus on how λ impacts the existence of

statistical sunspot RPE and the optimal policy rule under restricted perceptions and

rational expectations. Figure 10 plots the T-maps for λ = 0.5, 0.9.

Figure 10 provide examples of how sunspot RPE might emerge in a New Keynesian

model where monetary policy is set according to a rule that guarantees existence of
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a unique rational expectations equilibrium. The left-most panels in Figure 10, i.e.

panels (a) and (c), plot the T-maps associated to two different values for λ, the

relative weight on inflation stabilization in the policymaker’s loss function, when

policymakers mistakenly believe the private sector has perfect information. That

is, policy is set according to the rule with θR, the policy-rule that is optimal under

rational expectations, but private-sector agents have restricted perceptions. For λ =

0.5 (more generally, for λ not too large) the optimal policy rule delivers a restricted

perceptions equilibrium driven by statistical sunspots. If the policymaker places a

high weight on inflation stabilization – λ = 0.9 in Figure 10.c – then it is apparent

that there is a unique fundamentals RPE without dependence on the sunspot ηt. The

right two panels (a) and (d), plot the T-maps for the same values of λ, but where

policy optimally responds to minimize the loss in a restricted perceptions equilibrium.

In these cases, optimal policy is consistent with a sunspot RPE.

Figure 10 shows that for λ sufficiently large sunspot RPE may or may not exist

depending on whether it is θ∗ or θR in the instrument rule. To provide more general

results for the optimal policy θ∗ we are able to establish the following analytic result,

which is a straightforward application of Proposition 1.

Proposition 12 In the New Keynesian model with optimal policy and restricted per-

ceptions, a sunspot RPE exists provided that θ∗ < β(1+φ(1−φ))−1
κ

. Moreover,

a. Provided ρ is sufficiently large, Sunspot RPE exist for λ sufficiently small.

b. Provided ρ and φ are sufficiently large, Sunspot RPE exist for all λ.

To gain greater insights into these existence results and the policy implications,

Figure 11 plots θR and θ∗ as a function of λ. Both policy rules exhibit optimal reac-

tion coefficients that are increasing in the relative preference for inflation stabilization:

more hawkish preferences lead to more aggressive policy reactions to inflation inno-

vations. However, it is apparent that the optimal policy under restricted perceptions

features less active policy than what is optimal under rational expectations. This

result is surprising in light of the findings in Orphanides-Williams, and a large num-

ber of other papers, that non-rational expectations implies monetary policy should

react more strongly in response to inflation deviations from target. These findings

typically rely on private-sector agents formulating expectations from a forecasting
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Figure 11: Optimal policy rules: θR v. θ∗.
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equation whose coefficients are updated in real-time using least-squares. By stabiliz-

ing inflation more strongly the policymaker is able to keep inflation anchored near the

rational expectations equilibrium. In the restricted perceptions environment, though,

the change in the policymaker’s reaction coefficient θ has an equilibrium impact on

the volatility and serial correlation through the forecasting equation coefficient b∗.

Figure 1 shows that the comparative static effect of a decrease in the feedback coef-

ficient, α, leads to more serial correlation via a higher b∗. Thus, a stronger inflation

response through θ, in a sunspot RPE, will increase serial correlation and inflation

volatility. The optimal response then is a relatively smaller value of θ∗ which also

makes the existence of a sunspot RPE more likely: the policymaker in our restricted

perceptions environment prefers the sunspot RPE to the fundamentals RPE.

This result leads to a natural question of whether optimal policy could be set in

such a way as to coordinate the economy on the rational expectations equilibrium

instead of the restricted perceptions equilibrium. In a companion paper we address

this issue by extending the framework to give private-sector agents the choice to pay

a cost to reveal the unobservable information or to formulate optimal expectations

given the imperfect information. While beyond the scope of the present paper, we

briefly describe the results. To develop this framework we entertain the possibility

of heterogeneous expectations and work with a refinement called a misspecification

equilibrium where the distribution of agents across forecasting models is endogenous.

We provide conditions under which optimal policy still leads to a sunspot RPE. These

conditions are defined in terms of a threshold cost for acquiring perfect information

that depends on the structural parameters of the model.

6 Conclusion

The results in this paper show that sunspot equilibria can exist in models with a

unique rational expectations equilibrium. The minimal deviation from a general class

of macroeconomic models is that some state variables are unobserved, or hidden, to

a subset of agents. These restricted perceptions lead agents to extract information

about unobserved variables from the endogenous variables by specifying optimal par-

simonious forecast models that condition on observable state variables. In a restricted

perceptions equilibrium beliefs are optimal within the restricted class. The insight in

41



this paper is that while certain fundamental, i.e. payoff relevant, variables may be

hidden to agents they may end up coordinating on an equilibrium that depends, in a

self-fulfilling manner, on extrinsic variables that we call “statistical sunspots.” These

statistical sunspots overcome two limitations of sunspot theories based on rational

expectations: they exist in the empirically relevant range of models, i.e. within the

determinacy region –even in non-linear models – and, the sunspot equilibria can be

stable under learning.

This paper focused on the theoretical properties of statistical sunspots with appli-

cations to excess volatility in stock prices and optimal monetary policy. The theory

of statistical sunspots, though, has broad practical interest for DSGE models. Un-

der appropriate conditions, statistical sunspots exist in standard formulations of real

business cycle models; that is, sunspot equilibria can exist without relying on non-

convexities. Statistical sunspots can also exist in New Keynesian models with optimal

monetary policy or Taylor-type rules that respect the “Taylor principle.” In particu-

lar, policy advice to rule out expectations-driven cycles, i.e. unanchored expectations,

is more subtle than what one would conclude under strict rational expectations. Fi-

nally, since statistical sunspots arise through the cross-equation restrictions of the

restricted perceptions equilibrium, they introduce additional over identifying restric-

tions that can be used to test for sunspots. These questions are the subject of current

research.
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Appendix

Proof of Proposition 1.

A sunspot RPE exists if and only if |b∗| < 1 and d∗2 > 0. It is straightforward to

see that |b∗| < 1⇔ α > 1/ (1 + φ− φ2). Similarly, d∗2 > 0⇔ ρ > ρ̃, where

ρ̃ =
α2φ− αφ2 − α3φ2 + αφ4 + α3φ4 − α2φ5

α2 + α3φ3 + 3α2φ4 − 6α2φ2 − α2φ6 − 1 + 3αφ

In the corollary, fix 4/5 < α < 1, and then finding conditions on φ and ρ consistent

with b∗ < 1 and d∗2 > 0 produces the expressions in the text.

Proof of Lemma 3.

Define

Tb̂(b) =
αb2 + ρ

1 + αb̂ρ

which has the property that 0 < Tb̂(0) < 1 < Tb̂(1), and Tb̂ is continuous. It suffices

to verify that Tb̂(b
∗) > b∗. Tedious algebra leads to

Tb̂(b
∗) =

1− α
[
φ (2− αφ)− ρ (1− φ2)

2
]

ρ+ α [1 + φ4 − 2φ2 − ρφ (2− αφ)]
>

1− αφ
α (1− φ2)

= b∗

Proof of Proposition 4. E-stability is determined by looking at the eigenvalues of

the Jacobian matrix DT evaluated at the restricted perceptions equilibrium values.

In particular, E-stability requires that the eigenvalues of DT have real parts less than

one. Consider first the E-stability of the fundamentals RPE, where d = 0. The

Jacobian is diagonal and the eigenvalues are

2bα (1− ρ2)
(1 + b2αρ)2

and
α (b+ φ) (1− bφ)

1− b2αφ
.

The first eigenvalue is real and less than one, a result that follows from Hommes and

Zhu (2014). The second eigenvalue can be re-arranged to the condition

b∗fund < b∗non-fund.
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When there is a unique RPE, coinciding with the fundamentals RPE, then b∗non-fund >

1, implying that the fundamentals RPE is E-stable. However, when multiple RPE

exist, this condition violates, see Lemma 3. The fundamentals RPE in this case is,

however, saddle-path E-stable. Setting d = 0, i.e. restricting to the resting point of

the d−component of the E-stability o.d.e., leads to the following o.d.e.

db

dτ
=

αb2 + ρ

1 + αb2ρ
− b.

As shown in Hommes and Zhu (2014) the resting point b∗fund is locally stable, hence

there is a stable saddle path with ḋ = 0.

Now we turn to the E-stability properties of the non-fundamentals RPE. In this

case, the Jacobian is no longer diagonal and the resulting expressions for the eigen-

values are complicated. However, one can show that when α = α̃, ρ = ρ̃ there is

an eigenvalue at 1 and another eigenvalue below one, for φ sufficiently large. Then

it can be further shown that both eigenvalues have real parts less than one when

α > α̃, ρ > ρ̃ provided that φ > φ̃L for some φ̃L that depends on α and ρ. The saddle

path is not surprising since it arises when we shut down coordination on the extrinsic

noise.

Proof of Proposition 5. The actual law of motion is

yt = ξ1(b)yt−1 + ξ2(b, d)ηt + γzt

where ξ1 = αb2 and ξ2 = α (b+ φ) d. It can be shown that for the sunspot RPE, the

variance var(yt|sunspotRPE) is given by

γ2(1 + ρξ1(b
∗
non-fund))σ2

ε

(1− ρξ1(b∗non-fund)) (1− ξ21(b∗non-fund)) (1− ρ2)
+

ξ22(b∗non-fund, d
∗) (1 + φξ1(b

∗
non-fund))σ2

ν

(1− φξ1(b∗non-fund)) (1− ξ21(b∗non-fund)) (1− φ2)
.

(17)

At the sunspot RPE,

b∗non-fund =
1− αφ

α (1− φ2)
, d∗2 = γ2ξ(b∗non-fund, α, ρ, φ)

(
σ2
ε

σ2
ν

)
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where

ξ(b∗non-fund, α, ρ, φ) =
{ρ− b∗non-fund [1− αb∗non-fund(1− b∗non-fundρ)]} (1− αb∗2non-fundφ) (1− φ2)

α(1− αb∗2non-fundρ)(1− ρ2)(b∗non-fund + φ)φ(1− αφ)
.

Here, we have written the ξ expression slightly differently to account for γ dropping

out in the calculations below. Thus,

var(yt|sunspotRPE) =
γ2(1 + ρξ1(b

∗
non-fund))σ2

ε

(1− ρξ1(b∗non-fund)) (1− ξ21(b∗non-fund)) (1− ρ2)
+

α (b∗non-fund + φ) γ2ξ(b∗non-fund, α, ρ, φ) (1 + φξ1(b
∗
non-fund))σ2

ε

(1− φξ1(b∗non-fund)) (1− ξ21(b∗non-fund)) (1− φ2)
.

At the REE,

yt = (1− αρ)−1 γzt.

Correspondlngly the variance at the REE

var(yt|REE) =
γ2σ2

ε

(1− αρ)2 (1− ρ2)

Therefore, the ratio of variances at the sunspot RPE and at the REE is given by

var(yt|sunspotRPE)

var(yt|REE)
=

(1 + ρξ1(b
∗
non-fund)) (1− αρ)2

(1− ρξ1(b∗non-fund)) (1− ξ21(b∗non-fund))
+

α (b∗non-fund + φ) ξ(b∗non-fund, α, ρ, φ) (1 + φξ1(b
∗
non-fund)) (1− ρ2) (1− αρ)2

(1− φξ1(b∗non-fund)) (1− ξ21(b∗non-fund)) (1− φ2)
.

That is, var(yt|sunspotRPE)
var(yt|REE)

just depends on three parameters α, ρ, φ. If var(yt|sunspotRPE)
var(yt|REE)

>

1, then var(yt|sunspotRPE) > var(yt|REE). The result in the paper follows from

tedious algebra (in Mathematica).

Proof of Proposition 6. We can write the actual law of motion as

yt = ξ1(b)yt−1 + ξ2(b, d)ηt + γzt

where ξ1 = αb2 and ξ2 = α (b+ φ) d. It can be shown that for the fundamentals RPE
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the variance is given by

γ2(1 + ρξ1(b
∗
fund))σ2

ε

(1− ρξ1(b∗fund)) (1− ξ21(b∗fund)) (1− ρ2)
, (18)

while for the non-fundamental RPE:

γ2(1 + ρξ1(b
∗
non-fund))σ2

ε

(1− ρξ1(b∗non-fund)) (1− ξ21(b∗non-fund)) (1− ρ2)
+

ξ22(b∗non-fund, d
∗) (1 + φξ1(b

∗
non-fund))σ2

ν

(1− φξ1(b∗non-fund)) (1− ξ21(b∗non-fund)) (1− φ2)
.

(19)

Based on Lemma 2, b∗fund > b∗non-fund, and hence ξ1(b
∗
fund) > ξ1(b

∗
non-fund). Thus

γ2(1 + ρξ1(b
∗
fund))

(1− ρξ1(b∗fund)) (1− ξ21(b∗fund))
>

γ2(1 + ρξ1(b
∗
non-fund))

(1− ρξ1(b∗non-fund)) (1− ξ21(b∗non-fund))
. (20)

Moreover, for ρ sufficiently large and/or σ2
ν

σ2
ε

sufficiently small, Eη2

Ez2
= σ2

ν(1−ρ2)
σ2
ε(1−φ2)

tends to

0. Then we have for ρ sufficiently large and/or σ2
ν

σ2
ε

sufficiently small,

γ2(1 + ρξ1(b
∗
fund))

(1− ρξ1(b∗fund)) (1− ξ21(b∗fund))
>

ξ22(b∗non-fund, d
∗) (1 + φξ1(b

∗
non-fund))

(1− φξ1(b∗non-fund)) (1− ξ21(b∗non-fund))

Eη2

Ez2

+
γ2(1 + ρξ1(b

∗
non-fund))

(1− ρξ1(b∗non-fund)) (1− ξ21(b∗non-fund))
.

(21)

Proof of Proposition 7, Lemma 8, Corollary 9.

These results are found by computing necessary and sufficient conditions for

n = 1 to arise as a Misspecification Equilibrium. We begin by computing F (n) =

MSE2 −MSE1, the relative forecast accuracy of the sunspot model relative to the

fundamentals model. That expression, when evaluated at n = 1, is

F (1) = σ2
εγ

2
{
−αρ(1− αρ)2 +

[
α− 2ρ(1− α(1− α)) + α(3− α(2− α))ρ2 + (1− 2α2)ρ3

]
φ

+
[
α + (−5− 2(−1 + α)α)ρ+ α(9 + (−2 + α)α)ρ2 + (3− 5α2)ρ3

]
α + φ2

+
[
ρ+ α(−1 + ρ(−4 + α + α(4 + α)ρ− α(−4 + α2)ρ2))

]
φ3

+ α [−2ρ+ α(1 + ρ(2(2 + ρ) + α(−2 + (−4 + α− 3ρ)ρ)))]φ4

− αρ(−2 + ρ+ 2αρ)φ5 + α2ρ(−2 + ρ+ 2αρ)φ6))
}
/
{

(1− αρ)2(ρ2 − 1)φ

× (1 + αφ)
[
ρ+ α(ρφ(−2 + αφ)− (1− φ2)2)

]}
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After messy algebra (in Mathematica) the conditions reported in the text follow

immediately.
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